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Si r, 

S our private Correfpondence 
occafioned my Drawing up fe- 
veral of the following Papers, 
I thence claim a Sort of a Right 
to addrefs them to You : But I well know 

the 
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PREFACE. 


H E Reader , I prefume , •will excufe me, if, 
inflead of acquainting him, in the ufual Way , 
•with the many weighty Reafons that induced 
me to publijh the following Sheets, I flail 
take up no more of his ‘lime than to give 
a concife Account of the Nature and Ufe- 
futnefs of the feveral Papers that compofe this Mifcellany, in 
the Order they are printed. 



‘The fir ft, then, is concerned in determining the Apparent 
Place of the Stars arifing from the progrefftve Motion of 
Light, and of the Earth in its Orbit -, which, though it be a 
Matter of great Importance in Afironomy, and allowed one of 
the fineft Difcoveries, yet had it not been fully and demonftra- 
tively treated of by any 'Author, or indeed thrown into any 
Method of Praflice. Now, however, I mufi not omit to ac- 
knowledge, that in the lafi Volume of the Memoirs of the 
Royal Academy of Sci e n ce s, for the Tear 1737. 

a lately 
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PREFACE. 

lately publi/hed at Paris, and brought hither a few Weeks 
face, there is a Paper on this Subjebl by Monficur Clairaut, 
a very eminent Mathematician of that Academy ; to which 
he fubjoins a Set of Practical Rules for the Aberration in 
Right-Afcenfion and Declination only j wherein mofl of his 
Analogies are exactly the fame as thofe inferted in this Book , 
with which Dr. Bevis favoured me : For which Reafon I 
think it proper to ajj'ure my Readers , that my Paper, toge- 
ther with the Debtor s Rules , were quite printed off, and in 
the Hands of feveral Friends , who defined them, before Chrift- 
mas 1739 . when the Severity of the Seafon interrupted for a 
confiderable Time the Impreffon of this Treatife. f 

Fbe fecond Paper, treats of the Motion of Bodies affebled 
by Projebti/e and Centripetal Forces -, wherein the Invention 
of Orbits and the Motion of Apfuies, with many others of 
the mojl confiderable Matters in the Firft Book of Sir Ifaac 
Newton'i Principia, are fully and clearly invcjl {gated. 2.J 

The Third, Jhews how, from the Mean Anomaly of a Pla- 
net given, to find its true Place in its Orbit, by three feveral 
Methods ; but what may befi recommend this Paper, is the 
Prablical Rule in the annexed Scholium, which will, 1 hope, 
be found of Service. Ard 

The Fourth, includes the Motion and Paths of Prcjeblilet 
in re j fling Mediums, in which not only the Equation of the 
Curve deferibed according to any Law of Denfity, Refinance, 
(sc. but all the mod important Matters, upon this Head, in 
the Second Book of the a '.ove-named illuflrious Author, are 
determined in a new, eajy, and comprehenfive Manner. Cf2. 

The Fifth, confulers the Refi/lances, V elocities, and Times of 

Vibration, of pendulous Bodies in Mediums. 6 

The 
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The Sixth , contains a new Method jar the Solution of a!l 
Kinds of Algebraical Equations in Numbers -, which, as it is 
more general than any hitherto given, cannot but be of confi- 
derable Ufe, though it perhaps may be objected, that the Me- 
thod of Fluxions, whereon it is founded, being a more exalted 
Branch of the Mathematicks, cannot be fo properly applied to 
what belongs to common Algebra. ^Pj 


The Seventh, relates to the Method of Increments ; which 
is illujlrated by fame familiar and ujeful Examples. erf 


The Eighth, is a fort Inve/ligation of a Theorem jor fad- 
ing the Sum of a Series of Quantities by Means of their 
Differences. n 

The Ninth, exhibits an eafy and general Way of Inveff /'ga- 
ting the Sum of a recurring Series. 9 f 


Thefe three lajl Papers relate chief y to the Inventions of 
Others : As they are all of Importance, and are required in 
other Parts of the Book, I could not well leave them entirely 
untouch'd ; and if I fall be thought tt have thrown any new 
Light upon them , that may benefit young Proficients, 1 have 
my End. 


The Tenth, comprehends a new and general Method for find- 
ing the Sum of any Series of Powers whofe Roots are in 
Arithmetical Progrefion, which may be applied with equal 
Advantage to Series of other Kinds. 


y 


The Eleventh, is concerned about Angular Settions and fome 
remarkable Properties of the Circle. 
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viii PREFACE. 

The Twelfth , includes an eafy an l expeditious Method of 
Reducing a Compound Frattion to Simple Ones ; the firfi 
Hi Jits whereof 1 freely acknowledge to have received from 
Mr. Mullcr’f ingenious Treatife on Conic Seftions and Fluxions • 

J/cP 

The Thirteenth and lafl, containing a general Quadrature of 
Hyperbolical Curves, is a Problem remarkable enough , as well 
on account of its Difficulty, as its having exercifed the Skill of 
feveral great Mathematicians -, but as none of the Solutions hi- 
therto publiffied, thd Jome of them are very elegant ones, extend 
farther than to particular Cafes, except that given in Phil. Tranf. 
N°- 417. without Demonflration, I flatter tnyfelf that this 
which 1 have now offered, may claim an Acceptance, fence it 
~i sit /early invefeigated by two different Methods, without re- 
ferring to what hath been done by Others, and the general 
ConJlruElion rendered abundantly more femplc and ft for Prac- 
tice lb an it there is. 
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ESSAYS 

On fever a l Curious and Ufeful Sub je Els 
in Speculative and Mixt Math 
maticks. i 



Of the Apparent Places of the F i x e r> S t a r s, ariling ~ 
from the Motion of Lights and the Motion of 
the Earth in its Orbit. 



\ 


dy\y !j 


./ 


PROPOSITION I. 

If the Velocity of the Earth in its Orbit bears any fenfble Pro- 
portion to the Velocity of Lights every Star in the Heavens 
tnujl appear dijlant from its true Place } and that by Jo much 
the more , as the Ratio of tbofe Velocities approaches nearer to 
that of Equality. 


C^OR, if while the Line 

ii?il c % **f*. % 

a Particle of Light 
coming from a Star 
in that Dire&ion, the 
Eye of an Obferver at T be carry ’d, 

by the Earth’s Motion, thro’ TG; jj ^ 

and CT be a Tube made ufe of in ® T" 

obferving; and a Particle of Light, from the (aid Star, be 
, B juft 
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juft entering at C the End of its Axis; then when the Eye is- 
arrived at v , the Tube will have acquired the Pofition v D 
parallel to TC, and the faid Particle will be at the Point m, 
where the Line CG interfefts the Axis of the Tube; becaufe 
GT:GC::Tv:Cm. Let now the Tube, by the Earth’s 
Motion, be brought into the Pofition Ew; then becaufe 
GT : GC : : T w : C », the Particle will be at », and there- 
fore is ftill in the Axis of the Tube ; Therefore when it en- 
ters the Eye at G, as it has all the Time been, in the Axis of 
the Tube, it muft confequently appear to have come in the 
Direction thereof, or to make an Angle with T H, the Line 
that the Earth moves in, equal to CTH, which is different 
from what it really does, by the Angle GCT : Whence it i i 
evident that, unlefs the Earth always moves in a Right Line 
diredtly to or from a given Star (which is abfurd to fuppofe) 
that Star muft appear diftant from its true Place ; and the 
more fo, as the Velocity of the Earth (in refpeft of that of 
Light) is increafed. And the fame muft neceflarily be the 
Cafe when the Obfervation is made by the naked Eye ; for 
the Suppofition and Ufe of a Tube neither alters the real nor 
apparent Place of the Star, but only helps to a more eafy De- 
monftration. 



PRO* 
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PROPOSITION II. 

To find the Path which a Star , thro' the aforefaid Caufe in 
one entire Annual Revolution oj the Earth , appears to defer ibe. 

L et atba be 

the Orbit of the 
Earth; S the Sun in one 
Focus; F the other Focus j 
T the Earth moving in its 
Orbit from A towards B ; 

DTnaTangentatT; and 
SD, F E Perpendiculars 
thereto: Let QotKRQ,^ 
be Part of an indefinite 
Plane parallel to that of 
the Ecliptick, pafiing thro’ 

R the Centre of the given ^ 

Star; and take Tn to TR, 
as the Velocity of the Earth 
in its Orbit at T, to that 
of a Particle of Light com- 
ing from the faid Star : Let 
T m be parallel to n R ; P n V perpendicular to A B ; and QRK 
parallel toP»V: Then from the foregoing Propofition it is 
manifeft, that a Ray of Light coming from R to the Earth 
at- T, will appear as if it proceeded from m, where the Line 
Tot, produced, interfefts the faid parallel Plane; and there^ 
fore, becaufe T ot is parallel to R«, and any Parallelogram, 
interfering two parallel Planes, cuts them alike in every 
refpeft, it is evident that R m muft be equal to T n, and 
QRot to V»D; wherefore fince D and P are equal to. 

B 2 two 



I - 
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two Right Angles, D S P and D n P mull be equal, alfo, to 
two Right Angles, and confcquently QRm (= VnD) = 
J) S P = A F E. But T n or Km, exprefling the Celerity of 
the Earth at T, is known to be inverfely as SD ; or, becaufe 
S D x F E is every where the fame, directly as FE ; whereforo 
the Angles AFE, Q^R« being every where equal, and R/» in 
a conftant Proportion to FE, the Curve QjwK deferibed by 
m, the apparent Place of the Star in the faid parallel Plane, 
will, it is manifeft, be fimilar in alt RefpeCts to AEB de- 
feribed by the Point E : But this Curve is known to be a Cir- 
cle; therefore QraK mull likewife be a Circle, whole Dia- 
meter QJR. K is divided by R, the true Place of the Star, in the 
fame Proportion as the Tranfverfe Axis of the Earth’s Orbit is 
divided by either of its Foci. Wherefore, forafmuch as a fmall 
Part of the circumjacent Heavens may, in this Cafe, be con- 
lidered as a Plane pafling perpendicular to a Line joining the 
Eye and Star, it follows from the Principles of Orthographic 
Projection, that the Star will be feen in the Heavens as de- 
•feribing an Ellipfis, whofe Center (as the Excentricity of the 
.Orbit is but fmall) nearly coincides with the true Place of 
.the Star, except the faid Place be in the Pole or Plane of 
the Ecliptick ; in the former of which Cafes the Star will 
appear to deferibe a Circle, and in the latter an Arch of a 
great Circle of the Sphere, which by Realbn of its Small- 
nefs may be confidered as a Right Line. But thefe Conclu- 
fions will perhaps appear more plain from the next Propofition, 
where for the Sake of Eafe and Brevity, the Earth is con- 
iidered as moving in an Orbit perfectly circular, from which 
her real Orbit does not greatly differ. 


PRO- 
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PROPOSITION III. 


Having given , from Experiment , the Ratio of the Velocity of 
Light to that of the Earth in its Orbit , and the true Places 
of the Sun and a Star ; to find the apparent Place of the Star 
from thence arifing. 

L ET ArQJV. 

be the Earth’s 
Orbit, confidered as 
a Circle ; S the Sun 
in the Center there- 
of j r the Earth mo- 
ving about the feme Q 
from A towards 
rr a Line, which 
being produced, fhall 
pafs thro’ the Eclip- 
tick Place of the given Star; AS parallel, and qr perpen- 
dicular, thereto : Let ef be perpendicular to the Plane of the 
Ecliptick, fo that rf being equal to Sr or Radius, r< may 
be the Cofine of the Latitude of the given Star : This be- 
ing premifed, it is manifest that the true Place of the Star, 
from the Earth, will be in the Direction r y, and with Ref- 
pe£l to the Ecliptick, in the Line r e ; therefore the Angle 
S r e ( = QSr) being the Difference of Longitudes of the 
Sun and Star, is given by the Queflion. Let rg, the Sine of 
the Supplement of this Angle, be denoted by 6 ; its Cofine S^, 
by c ; the Sine of the given Latitude, ory>, by s j and the Ra- 
dius S r, or f r, by Unity ; and while a Particle of Light is 
moving along fr, let the Earth be fuppofed to be carry’d in 

C its 
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its Orbit from r to p, over a Diftance fignified by r ; and, 
f e, p f being drawn, make r n and n m perpendicular there- 
to : Then becaufe of the exceeding Smallnels of p r it may be 
confiJered as a Right-Line; and we fhall have i (Sr ): b 
( rg)\ \ r (pr):rb(= p n) j and i : r : : c : r c (= r n) (by the 
Similarity of the Triangles prn, Sr#) ; whence as i (//,) to 
s (fe) fo is rb, to rbs =(nm) the Sine of the Angle nfm : 
But fince the Sine or Tangent of a very finall Arch differs in- 
fenfibly from the Arch itfelf, thefe Values rc and rbs may 
be taken as the Meafures of the Angles rf n, and nfm: Hence 
we have, as the Semi- Periphery A r Q^(= 3. 14 159, &c.) to 

648000 (the Seconds in 180 Degrees,) fo is rc to - 48000 r f 
(the Number of Seconds in the Angle rfti-,) and as 3.14x59 
Gfc. : 648000 : : rsb: -nfmt Therefore, as 

the Earth moves from r to p while a Particle of Light is de- 
feribing f r, it is manifeft from the aforefaid Propofition, 
that the Star will appear removed from the great Circle 
palling through its true Place, and the Pole of the Eclip- 

tick by - ' 8r °° Seconds; and to have its Latitude in- 
creafed by Seconds. ^ E. 1 . 


C O R O L. 
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C O R O L. I. 



H ENCE if C be the true Place of the Star, SCF its- 
Parallel of Latitude ; and about C, as a Centre, the EI- 
lipfis F P S T F, and Circle F H S O F be defcribed fo, that 

FC may be = and T C, the Semi -Conjugate 


Axis, in proportion thereto, as s to i ; and if the Angle SCH 
be taken equal to the Difference of Longitudes of the Sun and 
Star; then in the Point P, where the elliptical Periphery is 
interfered by the Right Line H QJalling perpendicularly on 
FS, the Star will appear to be pofited. For as i (Radius) \b 
(Sine of Q^C H)::CH:i x C H = H Qj but by the Rela- 
tion of the two Curves, CH:CT::ixCH (=H Q^: P Q> 


that is, by ConffruTion, 


648000 r 1 648000 r j b 

C 2 =p cu- 
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= P<ii » gain as i ('Radius) : c (the Cofine of QCHJ:: 
‘-Sfsfer=CQi »Wch ExpreiHons 
arc the very fame as thofc above determined. 


C O R O L. n. 

T HEREFOR E it follows, that while the Sun appears 
to purfue his Courfe thro’ the Ecliptick, the Star will 
be feen as moving from F towards L and S, and fo on, ’till 
it hath deferibed the whole elliptical Perijjhcry FLSTF* 
that its Latitude will be the the lcaft at T ; and its apparent 
Longitude the greateft poflible, when the Angle SCH, 
(hewing the Diftance of the Sun and Star in the Ecliptick, is 
equal to two right ones. It alfo follows, that the greater 
Axis of the Ellipfes, which all Stars appear to deferibe, are 
equal, and found by Obfervation to amount to 40 f Se- 
conds of a great Circle, very nearly; the Term 20”, 25 which 
frequently occurs in the pradtical Rules hereto annext, being 
put for the half thereof. It follows moreover, that the greateft 
Aberrations, or Maxima , in Longitude, will be as the Cofines 
of the Latitudes inverfely ; and the Maxima in Latitude, as 
the Sines of the fame Latitudes diredtly. 

C O R O L. in. 

H ENCE may alfo be found the Stars apparent Right 
Afcenfion and Declination ; for let E C P be the Pa- 
rallel of the Stars Declination, P the apparent Place of the 
Star when in that Parallel ; make C A perpendicular to C H, 
ABD to SF, and BE to PC; and let H K, or the Angle 
HCK be any Diftance gone over by the Earth in the Eclip- 
. tick, while the Star by its apparent Motion moves thro’ the 
■correfponding Diftance PL : Let KmnG be parallel to H C, 

and 
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and Lrv to PC : Then, forafmuch as KL is parallel to HP, 
the Triangles GKL, CHP mud be equiangular, and there- 
fore G L : C P :: K L : H P ; but KL is to HP, as L I to 
QJ*, by the Property of the Curve ; whence it will be G L : 
C P : : L I : Qj> : Wherefore, the Sides G L, I L, C P, QP 
about the equal Angles G L I, CP Q,Jxing proportional, the 
Triangles GLI, C P Q^rnuft be fimilar, and therefore the 
Angle G I L a right one, and confequently the Right Line 
S F the Locus of the Point G. Therefore, as the Angles 
», m, r, v are all given, or continue invariable, let the Angle 
SC K, or the ecliptick Diftance of the Sun and Star be what 
it will, the Ratio of C m to C G will always be given; but 
the Ratio of C G to C r is given ; therefore the Ratio of C tn 
to C r is likewife given : Hence, becaufe r v is parallel to 
C E, the Ratio of C m to E v will be given. But E v is the 
Difference of the true and apparent Declinations ; and C m, 
as the Sine of the Angle HCK: Whence it is manifeft, that 
the Aberration of Declination, at any Time, is as the Sine of 
the Sun’s Elongation from either of the two Points wherein he 
is, when the true and apparent Declinations are the fame ; 
and therefore Cm will be to Eti, or AC to EB, the greateft 
Aberration, as QJH to F b, that is, as the Sine of H C F to 
the Sine of P C But PC Q, being equal to the Angle of 
Pofition, is given, whofe Tangent, it is obvious, is to the 
Tangent of H C F, as QJ? to QJi, or as CT to CO, or 
laftly, (by Conflrudtion) as the Sine of the Star’s Latitude to 
Radius: Hence the Angle HCF is given, from which, by 
Help of the foregoing Theorem or Proportion, the required 
Aberration of Declination at any Time, and in any Cafe, may 
be readily obtained. 

In like manner other Proportions may be derived for find- 
ing the Aberration of Right Afcenfion ; it being eafy to prove 
that it will be as the Sine of the Sun’s Elongation from where 

D he 
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lie is, when the true and apparent right Afcenfions are the 
fame ; but the Method of Demonftration being the fame as 
above, it will be needlcfs to repeat it. 

I (hall therefore now proceed to illuftrate the foregoing Doc- 
trine by the practical Solutions of the feveral Problems depend- 
ing thereon, as they were drawn up and communicated by 
Dr. JobnBevis , with fuitable Examples of feveral Stars, which, 
among many others. He has carefully obferved with proper 
Inftruments, and thereby, the firft of any one that I know 
of, experimentally prov’d, that the Phenomena are univer- 
filly as conformable to the Hypothefis in Right Afcenfions, as 
the Rev. Mr. Bradley, to whom we owe this great Difcovcry, 
had before found them to be in Declinations. 



PRAC- 
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PRACTICAL RULES 

For Finding the 

ABERRATIONS 

OF THE 

F I X T STARS 

from 

The Motion of Light, and of the Earth, 
in its Orbit, 

I N 

Longitude, Latitude, Declination, and Right 
Afcenfion. 


SYMBOLS. 

A, the Aberration at any given Time. 

M, the greeted Aberration, or Maximum. 

O, the Sun's Place in the Ediptick when the Star’s Apparent Longitude, Latitude, 
Declination, or Right Afcenfion, being the fame as the True, tends to Excefs. 

P, the Star’s Angle of Pofition. 

z, the Sun's Elongation from its neared Syzygy with the Star, at the Time of O • 

For 
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For the Abberration in Longitude. 

O is always 3 Signs afar tie Star’s true Place in the Ecliptick. 

PH O B, L To find M. 

RULE. 

Ci/. Star’s Latit. : RaJ. : : ao", 2; : M. 

Example in y Ur/* minor, 1. 

OPERATION. 

Log. Co/. Ar. Com. Star’s Latit. 75 0 13' ■ ■ . ■ 0-593* 

+ Log. 20". 25 - ■ ... — ■ ■ 1.3064 

= Log. M 79'', 36 . 1.8996 

P R O B. II. To find A. 

RULE. 

Rod. : Sin. Sun’s Elongat. from O :: M : A. 

E x a m p.L x in the fame Star. 
OPERATION. 

Log. Sin. Sun’s Elongat. from O 60“ oo' ■ 9-9375 

+ Log. M 79'', 36 ■ — 1.8996 

— Log. Sin. Red. — Lag. A 68'',72 — .. 11.8371 

Otherwife, without M. 

RULE. 

Co/. Star’s Latit. : Si*. San’s Elongat. from O • '■ 20", 2 5 : A. 


Same Example as before. 

OPERATION. 




0.5932 



9-9375 


• - 

1.3064 

—xi .837* * 
For 
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For the Aberration in Latitude. 

O is always at the Sun’s Oppofnion to the Star. 

P R O B. I. To find M. 

RULE. 

Rad. : Sin. Star's Latit. : : 20", 25 : M. 

Example yin XJrf* minor it. 

OPERATION. 

Log. Sin. Star’s Latit. 7; 0 13' — — ■ ■ ■ ■ • • 9 98;% 

"b Log. 20", zj 1.306+ 

— Log. Sin. Rad. =3 Log. M. x 9", 5 8 ■ — - .. 11.2918 


P R O B. II. To find A. 

RULE. 

Rad. : Sin. Sun’s Elongat. from O ’• ■ M : A. 

Example in the fame Star. 
OPERATION. 

I.og. Sin. Sun’s Elongat. from O 60 0 00' ■ — — 9 9375 

■+• Log. M 19", 58 «— ■ ■ ■■ 1.2918 

— Log. Sin. Red. = Log. A t6",96 .1 1 ,2293 

Otherwife, without M. 

RULE. 

Rad 1 . : Sm. Star’s Latit. X Sin. Sun’s Elongat. from O ’• : 20”, 25 : A. 

Same Example as before. 

OPERATION. 


Log. Sin. Star’s Latit. 7; 0 13' — — — 9 9S34 

+ Log. Sin. Sun’s Elongat. from O 60 0 00' ■ — ■ 9 9375 

+ Log. zo",2j — — 1.3064 

— 2 Log. Sin. Rad. =Log. A i6",96 ■ ■ • - 21.2293 

E Otherwife, 
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RULE. 

Cofti. Star's Latit. : Sin. Sun’s Elongat. from G :: 20", 2 5 • A. 

Same Example as before. 
OPERATION. 


Log. Cnfce. Ar. Can. Star’s Latit. 75 0 1 3 ' - — — ■ — ■ S9.9S54 

Log. Sin. Sun’s Elongat. from O 66° 00' ■ 9.9373 

-j- Log 20", 2 3 1.3064. 


=: Log. A i6"96 ■ ■ - - . ■ - 1.2293 


For the Aberration in Declination. 

P R O B. I. To find o. 

RULE. 

Sin. Star’s Latit. •• Rad. : : Tang. P. : Tang. Z. 

Then, if the Star (in refpeft of that Pole of the Equator which is of the fame 
Denomination as the Star’s Latitude) be In a Sign. 

1. Afcending, and P be acute, Z taken from the oppofite to its true Place, 
gives © . 

2. Afcsnding, and P be obtufe, Z added to its true Place, gives O, 

3. Defcending, and P be acute, Z added to the oppofite to its true Place, 
gives G, 

4. Defcending, and P be obtufe, Z taken from its true Place, gives O. 

provided, that its Declination and Latitude be both North, or both South: Bet, 
if one be North, and the other South, then for i/j true Place, read ofpojite to in true 


Place, and wee verfa. 

Example of Cafe I. in the Pole Star. 
OPERATION. 

Log. Tang. P 73° 21' (acute $»»• Rad. 20.3827 

— Log. Sin. Star’s Latit. 66° 04' North. — - — ■■ ■ 9.9609 

— Log. Tang. Z 76° 34' 10.6218 

Therefore the Star’s Dec! in. and Latit. being both N. its Place J, s , , 

(afcending) -J- 6 Signs - J 55 

— Z ■■ 216 34 

— O- « ■ — ■ ■ 1 ■ — — 6 08 21 


Erin- 
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Example of Cafe II. in i Dracor.it. 
OPERATION. 


Log. Tang. P 93° 50' (obtufe) + Log. Sin. Rad. ■ ■■ 81.1739 

— Log. Sin. Star's Latit. 79 0 28' (North) ■ - 9 9926 


= Log. Tang. Z 86 0 1+' 11.1813 

Therefore the Star's Dect. and Latit. being both North, its true j Q , 2q0 |# , 
Place (aieending) ■ S 

-fZ 2 26 • + 

= o — 3 2 5 *6 


Example of Cafe III. » Urfe majorit. 
OPERATION. 

Log. Tiisy. P 38* 36' (acute) + Log. Sin. Rad. 19.9022 

— Log. Sin. Star’s Latit. 54 0 25' (North) - — — — 9 9102 


= Log. Tang. Z 44 0 29 ' ■ ~ - 9.9920 

Therefore, the Star’s Decl. and Latit. being both North, its Place I , „ , 

(defeending) + & Signs 1 ■■ — ■ J 

-f Z — >4 2 9 


= O °7 4 3 


Example of Cafe IV. in y Urf* minorii. 
OPERATION. 

Log. Tang. P 94° 48' (obtufe) -f- Log. Sin. Rad. 1 21 .07 59- 

— Log. Sin. Star’s Latit. 75° 13' (North) 9-9854 

=: Log. Tang. Z 85 0 22' — - — 11.0903 

Therefore, the Star’s Decl. and Latit. being both North, its true ) , . * 

Place (defeending) S 4 ' 3 

_ z 2 2 S 22 


— q 1 22 28 

In each of thefe four Examples, the Declination and Latitude are of the fame 
Denomination ; it may fuffice to give one where they are o£ contrary Denominations. 


Example of Cafe III. in Aldeiaran. 
OPERATION. 

Log. Tang. P 9 0 40 ' (acute) + Log. Sin. Rad. 

— Log. Sin. Star’s Latit. 5 0 30' (South) 

— Log. Tang, z 60 0 38' ■ - ■ 


, 9- 2 3 , 3 
• 8.9313 


— 10.249& 
Thtrefore, 
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Therefore, Star’s Deel. being North, and its Latit. South, its ) , 

Place (dHccnding to S. Pole) ■ > 

-f Z * co j8 

— G 4 45 ' 


PIOB. II. To find M. 

RULE. 

Si”. Z : Si”. P :: zo",2j : M. 

Example in y Vrfe minorii, 

OPERATION. 


Log. Si”. Z Ar. Com. S;° 22' O.CO14. 

,-j- Log. Si”. P 94 0 48' 9 - 99 8 J 

Log. 20", 25 — • 1.3064 


— Log. Si”. Rad. = Log. M 20", 24 


P R O B. III. To find A. 

RULE. 

Rad. : Sin. Sun’s Elongat. from O : : M : A. 

Example in a Urf* major it. 

OPERATION. 

Log. Si». Son’s Elongat. from O 75 0 Ji ' * 9.9S60 

+ Leg. M 1 8", 04 — 1.2560 

— Log. Si”. Rad. — Log. A 1 7'', 46 ■ ■ — ■ ■ 11.2420 

Otherwife, without M. 

RULE. 

Rad. X Si”. Z : Si”. Sun’s Elongat. from O X Sim. P : : *o",2j : A. 

Same Example as before. 

OPERATION. 



9.9860 

“P bit t. r jo 3” * 

■— 9.9/51 
0.154s 

20 * 2 5 ” 

■ -- 1.3C04. 

For 
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For the Aberration in Right Ascension. 

P R O B. I. To fnd o. 

RULE. 

Sin. Star’* Latit. : RaJ. : : Cotang. P. : Tang. Z. 

Then, if the Star (in refpeft of that Pole of the Equator which is of the fame 
Denomination as the Star'* Latitude) be in a Sign 

1. Afcending, and P be acute, Z added to its true Place, gives O- 

2. Afcending, and P be obtufe, Z taken from its true Place, gives O* 

3. Defending, and P be acute, Z taken from the oppolitc to its true Place, 
gives O. 

4. Defctnding, and P be obtufe, Z added to the oppoGte to its true Place < 


gives Q. 

Example of Cafe I. in Sirint. 
OPERATION. 

Log. Sin. Ar. Com. Star’s Latit. 39 0 3a' (South.) ■ ■ 0.1962 

-}• Log. Cotang. P 4 0 18' (acute; ■ — ■ 11.1238 

= Log. Tang. Z 87° l6' ■ • 11.3200 

Therefore the Star’s true Place (afcending) 3’ 10 0 29' 

-f Z ■ - ■■ ■ ■■ ■■■■-■ a a7 16 

= O 6 07 45 

Example of Cafe II. in • Draconit. 

OPERATION. 

Log. Sin. Ar. Com. Star’s Latit. 79 0 28' (North) ■ 0.0074 

+ Log. Cotang. P 93 0 50' (obtule) — — 8.8261 

= Log. Tang. Z 3 0 54' 8.8335 

Therefore the Star’s true Place (afcending) o’ 29 0 12' 

— Z — — o 03 54 

— Q ■ ■■ O 25 18 


F 


Ex a St- 
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Example of Cafe I II. y Draenij. 
OPERATION. 

Eog. Sin. Ar. Com. Star’s Latit. 74 0 28' (North)—— 
+ Log. Cotang. P J° 36’ (acute) 

=: Log. Tang. Z 86 0 32 ' ■ ■ ■ - ■ ■ ■ . 1 - - . . .. . 

Therefore, the Star’s true Place (defeending) -f- 6 Signs 

— Z 

= O 

E X A M r L E of Cafe IV. in y XJrfec milttrit. 

OPERATION. 

Log. Sin. Ar. Com. Star’s Latit. 75° 13' (North) 

+ Log. Cotang. P 94 0 48' (obtufc) . 

= Log- Tang. Z 4 0 58' 

Therefore, the Star’s true Place (defeending) -f- 6 Signs 

+ Z 


0.0162 

II 2012 


11.2174 

8 1 24° 23' 
2 26 32 

ti 27 S « 


— 0.0146 

— 8.9241 

8.93S7 

io‘ 17® 50 
o 04 58 


= O 


to 22 48 


PROS. n. Ho find M. 

RULE. 

Cof Star’s Decl. X &»• Z : Cof. P X Rad. : : 2o",2j : M. 

Example in the Pole Star. 


OPERATION. 

Log. Cef Ar. Com. Decl. 87° 5;' ■ ■ 1 4395^ 

-f Log. Sin. Ar. Cem. Z 15° 58'— — . 0.5603 

+ Log- C*/ P- " ■ — ■ 9 4030 

+ Log. 20", 25 1.3064 


— Log .Sin. Rtd, = Log. M. 512", 16 =8'. 32",t6 ■ 12.7094 


PROB, 
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P R O B. IU. To find A. 

rule. 

Rad. : Sin. Sun’s Elongat. from O • • M s A. 

Example in Lucida AquiU. 

OPERATION. 

Log. Sin. Sun’s Elongat. from O 65 0 *4' ■ 9 - 9 i ^7 

-f- Log. M zo",i8 ■ ■ ■ - — — '' 3°49 

— Log. Sin. Rnd. s Log. A 18", 34 ■ 1 ■ ■ 1 1 • ■ 11.2636 

Otherwrife, without M. 

RULE. 

Ci/. Star’s Decl. X Sin. Z : Sin. Sun’s Elongat. from O X Co/ P : : 20", 2 5 : A. 
Same Example. 

OPERATION. 


Log. Sin. Sun’s Elongat. from O 6j 0 2 4 ' ——————— 9 9587 

4 - Log. Co/. Ar. Com. Star’s Decl. 8° I*' 0.004s 

-f- Log. Sin. Ar. Com. Z 84° 36' — 0.0019 

-j- Log. Co/. P 10 0 js' J 9 - 99 21 

+ Log. *o",2s 1.3064 

A.' - . 

— 2 Log :Rad. =2 Log. A 1 8", 34 Xt.a636 

t 


G E N I- 
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General Notes. 

i. That the Rule; give the Values of A aud M, always in Seconds of a Degree. 

z. Thai if the Sun’s Place be in that Semicircle of the Ecliptic which precedes 
O. A mull be taken from the Star’s True Longitude, Latitude, Declination, or 
Right Al'ccnlion, to Ihew the Apparent ; but if it be in that Semicircle which fol- 
lows 0> A mull be added. 

3. That kf, x, T, 8 , n arc Signs Afcending in rtfpcdl of the North Pole, 
and Dcfcending in refpedt of the South Pole of the Equator: And 22, SI, nj, 
A, l«i, t , are Afcending in refpetl of the South l’ol^and Defcending in refpeii 
of the North Pole of the Equator. 

4. -That a Star may be fo pofited, that the fmall Ellipfe which it apparently 
deferibes, may, by including, or approaching very near to the Pole of the World, 
make it (all under very different Conliderations and Rules from any of the (orego- 
ing ; but as the bed Inllruments have not difeovered any fuch Stan, thofe Consi- 
derations and Rules have been here omitted. 



of 
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Of /^MOTION and ORBITS of Bodies 
affeEted ’with ProjeSlile and Centripetal Forces. 

PROPOSITION I. 

A Body being let go from P, at a given Difiance PS, from S, 
tbe Center of Force, in a given Direction P B, with a given 
Velocity ; To find tbe Conte Seblion it will dejcribe, and tbe 
Periodic Time, in cafe it returns, the Law oj Centripe- 
tal Force being as tbe Square of tbe Difiance inversely, and 
tbe abfolute Force given. 

ET ASF be the 
greater Axis of 
the Sedtion, OCDthe 
lefier, and H the up- 
per Focus. SuppofeSR 
indefinitely near SP, 
and the Area AS m 
equal to the Area PS 
R j draw S B and H 
G perpendicular to 
the given Tangent 
B P G , and R / 
and m n to S P and 
A F refpedtively : Let r be the Diftance that a Body would 
freely deiccnd in any given Time, m, by an uniform Force, 
equal to that affe&ing the Projediile at any given Diftance 
S T ( [b ) from the Centre, and let v be the Space that the 
Body would uniformly deferibe with the given Velocity 
at P, in the fame Time : Call A F, a j O D, e the Latus 

G Redtum, 
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Rcdum, or R ; S P, d-, PR, *; the Periodic Time, P, 
and the Sine of S P B, to the Radius i, s : Then it will be as 
i:j::x:jx = R*» whence 'Jp? ( = R t x S -^ will exprefs 
either of the infinitely finall equal Areas PSR, wSA: And 


it will be as v: mi: x i 11 the Time of the Projedile’s 


moving thro’ P R, or that of its deferibing either of the 
faid Areas by Radii drawn to the Centre of Force: Where- 
fore, the Diftances which Bodies freely defeend by uniform 
Forces, being as the Squares of the Times, we have, asm 1 : 

r : : ** the Square of that Time, to ~r the Diftancc 

<U* 


a Body would freely defeend from the Point T in the fame 

Time 5 but as A S l : b * (S T : ) : : ~ : r ^~-= A », the 

Diftance it would freely defeend from the Point A in that 
Tune; that is, in the Time the Projedtile is deferibing 


Am: Hence, becaufc —■ the Area of the Triangle ASm, 
divided by » AS, =Am, we have := — R» 


fince Affll , in the ultimate Ratio, or when A » is indefinitely 

A ft 

finall, will be = the Latus Redtum, let the Curve A P F be 
what it will. Furthermore, fince SP + P H is = a, or A F, 
and the Angle SPB =H PG by the Property of the Curve, it 
will be as i : s : : d : id — SB, and as i : s :: a — d: sx a 
— d= H G ; but by another Property, BSxHGis=OC’ 

or s sxad- Jd=‘J . ; whence by fubftituting this Value of—, 

4 ,,, ,, _ / 4 
in the other Equation (~ h) we get a = , 

' • ^rbo 

and 
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and therefore e = — t4r = ZH x 7Ti and PII = 

1 \r b b b '' r l ~~j 7 lb 

— d, from which, as the Angle HPG is given, the Focus 
H is given likewife ; whence the Orbit may be readily con- 

ftru&ed, it being, when t <t-w ispofitive, an Ellipfis, when 

4 r b b 

infinite, a Parabola, and when negative, an Hyperbola ; 

wherefore, unlefs i— be affirmative, or greater than 

vv t the Projedlile can never return. Now, therefore, putting 
f for the Area of a Circle whofe Diameter is Unity, and 

* r h h 

fuppofing— — greater than vv, the Area of the whole 

Curve, (being an Ellipfe,) will be * 7TZ * equal 

b ' /r '~~r Tl 

to — ' V ( s= p a e ) i but as the Area dJL is to — the 

o r 2 »\j 

Time of its Defcription, fo is the Area of the whole Ellip- 

. ~ l 

fis, to~A=x<H or 7 —^ X" «-v <1 = P, the Time of one 
W r Wr 

intire Revolution. E. 1. 

C O R O L. I. 

E C A U S E ~ j x ~ > the Square of the Time of de- 

fcribing the Area RSP, is to — n x - , the Square 

of that Area, as ( 1 ) the Square of a conftant Particle of 

Time to ~~ ‘ m i - the Square of the Area defcribed in 

this laft Time, it is evident that the Square laft named will 

be 
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be to the Latus Rcdlum — ' J- as r b' : m * ; which 

Proportion being conftant in all Cafes relating to the fame 
Center, it follows, that the principal Latera Redta of the 
Orbits of different Bodies, about a common Centre of Force, 
are dire&ly as the Squares of the Areas deferibed by the re- 
ipedtive Bodies, in the fame Time. 

C O R O L. II. 

'J^JOREOVER, fince BS is -id, and wc 

have £4= and ••• ~ is to v, in the conftant 

Ratio of 1 , toj^=: Hence it appears, that the Velocities 

are, -univerfally, in the fubduplicate Ratio of the Parameters 
diredlly, and ihs Perpendiculars falling from the Center of 
Force on Tangents to the Places cf the Bodies, inverfely, and 
therefore, in the fame Orbit, the Velocity will be, barely, 
in the inverfe Ratio of the Perpendiculars fo falling. 

C O R O L. III. 

QINCE Pis = ^rX ( jl ) or, in a conftant Propor- 

tion, to a l, let v, s, and d, be what they will j 
it follows, that the Periodic Times, about the fame Center 
of Force, whether in Circles or Ellipfes, will be in the 
iefquiplicate Ratio of the principal Axes. 


C O R O L. 
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G O R O L. IV. 

B ECAUSE neither the Values of a nor P are affcdtcd by 
s, it follows, that the principal Axis, and the Periodic 
Time will be the fame, if the Velocity at P be the fame, let 
the Dire&ion of the Projectile at that Point be what it will.. 


C O R O L. V. 


W HEN 


d_ 

d *v *v ( = <7) is = 2d, or, which is the fame,, 

4 r b o 


when v = ; then d being the mean Diftance or Semi* 

Tranfverfe, the Point P will fall in one Extreme of the Coni 


jugate Axis, and b the Velocity there, will be juft fuf- 

d 

ficient to retain a Body in a Circular Orbit at that Diftance 
(dj from the Center of Force ; and this Velocity, in rdpeCl 
of different Orbits, will, it is obvious, be inverfely as the 
Square Roots of the mean Diftances: Wherefore the Velocities 
Bodies in Circular Orbits about a common Centre, are reci- 
procally in the fubduplicate Ratio of the Radii. 


C O R O L. VI. 

Jf v b t=bj±l i or the Square of the Velocity be juft twice- 

as great as that whereby the Projeftile might dcfcribe a circu- 
lar Orbit at its own Diftance from the Center of Force ( Cor.V .) ■ 
then a, the Tranfverfe, becoming infinite, the Ellipfe degene- 
rates into a Parabola, whofe principal Latus Rcdlum is 
whence it appears, that the Velocity of a Body moving in a Pa- 
rabola is inverfely as the Square Root of its Diftance from the 
Centre of Force, and that it will be, every where, to the Ve- 
il locity 
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locity that might carry the Projedtile in a circular Orbit, at 
its own Diftance from the Centre, as the Square Root of two, 
to one. 


C O R O L. VII. 


gU T if v be greater than b , the Trajectory will 

i 

be an Hyperbola, whofe principal Axis is Jjt (= — a) as 

+ rbb 

i . 

has been before intimated, and therefore e (= — 1 will 

bjr J 

be . 2 V.i — — . Hence, from the Nature of the Hyper- 

^ Jv 1 — 4 rb b 


•bola, if R be affumed for Radius, 

zr b b 

{ — will be the Tangent of the Angle which the A- 

fymptote makes with the Axis, or the Supplement to i8o° 
of the utmoft Elongation the Projedtilc can poflibly have 
from the loweft Point of its Orbit. 


PROP. 
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PROPOSITION II. 

A Body is let go from P, at a given Diflance P C from C 
the Centre of Force, in a given Direction P b, -with a gi- 
ven Celerity ; To find its Trajectory ? the centripetal Force 
being as any Pmaer (a) of the Diflance, and the abfolute 
Force at P given. 

I E T R be a Point 
in the required 
Trajectory, and r ano- 
ther indefinitely near it ; 
and with the Centre C, 
let the Circular Arches 
P efi RU, v nr, be 
defcribed, and having 
drawn CR;, C rfi&c. 

let CP = a, CR ( = C 
U) = *, P* = A, R n 

(= U v) = x, r n —y,Rr 

= z, and s = the Sine 
. of the Angle C P b to 
the Radius i ; and let 
Pb (m) be the Space 
that might be defcribed in ( i ) a given Particle of Time 
with the given Celerity ; and r the Diflance a Body 
would freely defcend in that Time, by an uniform Force 
equal to that aifeCting the Projedtile at P : Then the Space 
which would be uniformly defcribed in that fame Time, with 
the Celerity acquired by defcending thro’ the faid Diflance r, 
it is well known, will be equal to z r. But, from hence 

to 
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to find the Celerity at R, with the fame Velocity that the 
given Projedtilc is let go from P, towards b , let another pro- 
ceed from the lame Point, in a Right-Line palling diredtly 
thro’ the Center of Force j and let the Celerity at U, or the 
Space that would be uniformly deferibed therewith in r, 
the abovefaid Particle of Time, be denoted by v : Then, as 
rf", the Centripetal Force at P, is to x ”, that atU, fo is 2 r, 
the Velocity that might be generated by the former in the 

given Particle of Time, to , that which would be gene- 

a n 

iterated by the latter in the fame Time : Wherefore, as I, 

that Time, to lrx > fo is the Time of deferibing U v, 
to v, the Velocity acquired in this Time : Whence, by mul- 
tiplying Means and Extremes, we get vv = - » and 


therefore vv = .. .. ry ”~ + f om e conftant Quantity d ; which 
to determine, let U coincide with F, x be = a, and 

x “f" * 

v—m, and the Equation becomes + d ; 

hence d— j which Value being fubftituted above. 


we £hall have — = - — 1- — 

<9 9 1 If J. f 


tr.r" + 1 


• r and therefore U 


'+' «+«Xc 

: But this is likewife the Celerity of 


= CT » + lLf-4 r*ltl 

the firft Projedtile at R : For fince both Bodies have the fame 

Velocity at P, their Velocities, at all equal Diftances from the 

/ srx *■ 4 '"' 

Centre mult be equal ; and therefore 2 or 

1 *T' *+‘X a 

its 
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its Equal ^ xx+y 1 will confequently be the Time of the 

faid given Projectiles moving thro Rr, or of defcribing the 

the Area ^ = RCr, by Radii drawn to the Centre of Force : 
2 9 J 


Wherefore, fince is the Area of the littleTriangle PC* that 

might be uniformly defcribed in, I, the given Particle of Time, 
with the Velocity at P ; and, becaufe the Areas are as the 

Times, it will be, as t0 1 ( the faid Timc ) > t0 


1 : Hence we gety=£ 


— m x t x a x 


or. 


t m a X 


r~ 


s/ 


4 ^ 


-m x i x a x - 


«+ 1 

v *, its known Value, 


4rx*+i t by fubftituting inftead of 

o+lXa" 

as above found. But as Cr, istorw. 


s maa x 


:C/(=a): 


V 


m x x x 


4,rax x 

»+ 1 


*rx”+ 1 -A (=ef)i 
»+l Xa" 


whofe Fluent P e is theMeafure of the angular Motion ; from 
which, when found, the Orbit may readily be conflrufted ; 
becaufe, when ?e, or the Angle PC R, is given, as well as 
CR, the Pofition of the Point R is alfo given : But this Value 

of A is indeed too much compounded to admit of a Fluent in 
general Terms, or even by the Quadrature of the Conic Sec- 
tions, except in certain particular Cafes, as where n is equal to 

2> , or 5, or the Law of centripetal Force, as 

the firft Power of the Diftance direftly, or the 2 d , 3 d , or 
5 th Powers thereof inverfely ; therefore, in other Cafes, can 
only be had by infinite Series, &c. or Curves of a fuperior 
'Order. E. I. 


1 


C O R O L. 
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C O R 0 L. I. 


I F, inftead of the abfolute Celerity of the Projedlilc at P, 
the Ratio thereof to that which it fhould have to de- 
lcribc the Circle Pe, be given, as p to i, and not only the 
lame Thing, but the Ratio between the Celerity at any o- 
ther Dillance CR, and that which a Body mull have to de- 
feribs a circular Orbit at that Dillance, be required : It 
will be, as a \ the centripetal Force at P, to x”, that at 
R or U) , fo is r, the Dillance a Body would freely delcend 
by the former of thele Forces in i, the given Particle of 

Time, to r —^, that which it would defeend by the latter in 


the fame Time : Therefore, if U s be taken equal to — , 

a " 

and st be made perpendicular to AC, it is manifcll, that 
U t , being indefinitely fmall , will be the Dillance 
which a Body mull move over in the aforefaid Particle 
of Time, to deferibe the Circle U R : But U /, by the Pro- 


perty of the Circle, is in that Circumllance = </— . 

A * 

/ m "' y | 

wherefore we have, as ' n - — > to v, or its Equal, 

-f ~p — q- O ' ( a ^ ove found) , fo is the Velocity a Bo- 
dy mull have to deferibe that Circle, to that with which 
the given Projedlile arrives at R : Therefore, when x is =a, 

and R coincides with P, the Proportion of’ x/-^~ — 1, to- 

r 




Xr a A.* x* 


. , w , which there is, as 777 , to m, is 

tt * 1 »+i Ya* 

given as i, to p , by Suppofuion ; whence, multiplying Ex- 


tremes 
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tremes and Means, we get m=p s / 2 ra-, which being fub- 
ftituted inftead of m, in the Value of v, it will become 


‘/zf-ra + ill 

”+> „ +lXa « 


or * * + — r: — 4- X 


+ * 

"t‘ "+« X 

/* 


Xzru\ i J 


71 


*+■ **»+* irp. 


therefore this divided by LL1 " + ‘, is <J p * -f 

a H - ' "T*' 

for the Ratio that was to be found. And, in like man- 
ner, by fubftituting for m in the Value of A, we get 

s p a n x 

for the other Quantity 


( " : n 

_X*‘ -/•**-*- 
»+« 4'X 

required.. 

C O R O L. II. 

H E N C E, if the Angle C P b be fuppo/ed to be dL 
minifhed in infinitum , and p 1 +— 1_ v lllL-l 1 

xTr7l \ the faid Value of v, be^ taken ^o, we /hall have 
_ 1 

x =- ppXn+i + i!*+' x a > (-CA) the Height to which 
the Body would afeend, if projected dire&ly upwards ; there- 


. fore > + l + i I "+' X <2 — a = A P , is the Di/hmce. 

i t mud freely defeend to acquire the given Velocity 
which Diftance, therefore, with an uniform Centripetal Force 

where n=o , will be = til } and with a Force inverfdy, as ; 

the Square of the Diftance, = 111. But when p is . 

= l > or the Velocity of the Projectile at P is juft fufficient 

toj 
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to retain a Body in the circular Orbit Pf, AP then becomes 

I 

**T"- a\ which in the faid two Cafes, will be \ a t 
and a refpedtively ; but infinite when «is=— 3. 


C O R O L. III. 

W HEN « 4- 1 is a pofitive Number, the Velocity 

^ x , at the Centre C, 

where x becomes = 0, will, it appears, be barely equal to 

r : — r - ~r 

y/ 2 raxp'-\- — j-; but, when n-\- 1 is negative, or the 

Law of Centripetal Force more than the firft Power of the 
Diftance inverfely, it will be infinite j becaufe then, the In- 
dex being negative, *»+« (or its Equal o’+i) will come in- 
to the. Denominator. 

C O R O L. IV. 

M OREOVER, when B+ I is negative, and x 
infinite, the faid Velocity will alfo become 

y/ 2 r a x p 1 becaufe then, for the Reafon above 

Specified, x*+‘ will be =e; And therefore, when the Cen- 
tripetal Force is more than the firft Power of the Diftance 
inverfely, a Projeftile moving from P with the given Velo- 
city p %/ 2 a r ( = « ) along the Right-Line PA, will af. 
cend even to an infinite Height, and have a Velocity there 
S ~ 

fignified by y/ r a x p* -+- or in Proportion to the gi- 

f 

ven Velocity, as y/ p' -f- - , to /, provided p* 4- -L- 

be 


Digitized by Google 


( 33 ) 

be pofitive j for otherwife the Thing is Impoflible, the Square 
Root of that Quantity being manifeftly fo. 

C O R O L. V. 

H ENCE, if the leaft Velocity that can carry the Body 
to an infinite Height, or that which it would acquire 
by freely defending from the fame Height, be required : 

By making p * we (hall ha vep- ^/z^. which, 

* *+■ *+1 

fubftituted in p y/2 ar gives x s/Tar , 

for the Value fought \ and this, it is manifeft, is to y/2 ar, 
the Velocity a Body muft have to deferibe the Circle P e, 

as s/--~ > t0 Unity : Therefore, when n is lefs than — 3, 

or the Law of Centripetal Force more than the Cube of the 
Diftance inverfely, a lefs Velocity will carry a Projectile to 
an infinite Height in a Right-Line, than can retain it in a 
circular Orbit, was it turned into a proper Direction. 

C O R O L. VI. 

W HEREFORE, if it were required, how far a 
Body muft defeend by an uniform Force equal to 
that affeCting the Projectile at the Point P, to acquire the 
fame Celerity that another Body, by freely falling from an 
infinite Height (as above) has at its Arrival to that Point j 

then, by fubftituting the Value » as found in the laft 

Article, inftead of its Equal, in£Li(fee Cor. II.) there comes 
out for the Value fought : And hence it appears, that 

the Velocity with which a Body, falling freely from an in- 

K finite 
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finite Height, would impinge on the Earth, is no greater than 
that which another Body may acquire by an uniform Gra^ 
vity, equal to that at its Surface, in falling freely thro’ a Space 
equal to its Semi-diameter. 

SCHOLIUM. 

R O M the Ratio found in Corollary I. between the Ve- 
locity with which the Body arrives at any Diftance (*) 
from the Centre of Force, and that which it ought to have to 
deferibe a Circle at the fame Difiance, it will not be difficult 
to determine in what Cafes the Body will be compelled to 
fall to the Centre, and in what other Cafes it will fly ad inf. 
nitum therefrom. For, firft, if the' Body in moving from P 
begins to defeend, or the Angle C?b be acute, I fay, it will 
continue to do fo ’till it actually falls into the Centre of Force, 

if the Quantity ^ y/ p* — 7^7^ in its Accefs 

thereto, be not fomewhere greater than Unity ; or, which is 
the fame in effeft, unlefs the Body has fomewhere a Velocity 
more than Efficient to retain it in a circular Orbit at its own 
Diflance from the Center of Force : For, if it ever begins 
to afeend, it muft be at a Point, as D, where a Right-Line, 
drawn from the Centre, cuts the Orbit perpendicularly’ 
and there, it is manifeft, the Celerity muft be as above fpe- 
cified, otherwife the Body will ftill continue to defeend, or 
clfe move in the Circle D L about the Center C, which is 
equally abfurd. On the contrary, if the faid Quantity, in 
approaching the Centre, increafes fo as to become greater than 
Unity, or be every where fo ; then, the Velocity at all infe- 
rior Difiances, being greater than the Velocity that is fuffi- 
cicnt to retain a Body in a circular Orbit at any fuch Dif- 

tancc, the Projedtile cannot, it is evident, be forced to the 

/*’ • 
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But, on the other hand, the Angle C P b t being fuppofed 
obtufe, it will evidently appear from a like Reafoning, that, 
if the faid Quantity be always greater than Unity, or the Body 
in its Recefs from the Center, has, in every Place thro’ which 
it pafleth, a Velocity greater than is fufficient to retain it in 
a circular Orbit at the Diftance of that Place from the Cen- 
ter of Force, it muft, of confequence, continue to afeend 
ad infinitum. 

Now, therefore, to find in what Laws of Centripetal 
Force thefc different Cafes obtain, let the Angle C P^ be firft 
fuppofed acute, or the Body moving towards the Centre, and 


x in the abovefaid Quantity y/ p 1 


2 . «» + 


»-|-l 


to be 


infinitely fmall; then it is evident, that that Quantity will 
become either y/ , or infinite , according as n-\- i is a 


negative Number, or otherwife ; wherefore, in the latter of 
thefe two Cafes, the Body can never be forced into the Cen- 
tre; neither can it in the former, when n has any Value be- 
twixt — i and — 3, as is manifeft from above, becaufe 


y/ _JL is greater than Unity (Redtilincar Motion being here 

excepted : ) Nor will either of thefe Conclufions hold lefs 
true, when the Angle C P b is obtufe ; for it is obvioue, 
that if the Projedtile cannot be forced to the Centre, when 
diredted towards it with the leaft Obliquity, it never can, 
when the Obliquity is increafed : But on the contrary, 
if n i be cither equal to or lefs than — 2,. and p be 

lefs than 1 ; then the faid Value y/ Hi not being 

greater than Unity, the Projcdlilc muft inevitably be drawn in- 
to the Centre ; for, the afore-mentioned general Expreffion not 

exceeding 
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exceeding Unity, neither at the given Diftance a, ncr at the 
leaft atfignablc Diftance, cannot at an intermediate Diftance; 
becaufc, in the Defeent of the Body, the Expreflion'muft ei- 
ther incrcafe or dccrcafc continually, there being only one 
Dimenfton of the variable Quantity (x) concerned. But, 
when p is greater than Unity, other Things continuing the 
fame, I fay, the Body, if it efcapes the Centre, and once begins 
to aicend, it will continue to fly from the fame ad infinitum. 
For, fincc the Part D L, &c. of the Trajectory, which it will 
begin to deferibe on its leaving the lowtft Point D, is in every 
rclpcdt equal and fintilar to D R, &c. if another Body piojeCted 
upwards from P, in the oppofite Direction, with the lame Ve- 
locity, continues to afeend ad infinitum , our firft ProjeCtile, 
after it has pafled the loweft Point, muft do fo too, and vice 


verfa therefore p x -f- being there affirmative, and the 
Angle CP* obtufe, the Quantity p'- 


_ i _ v 

"+ 1 o-f I 
* 1 




when x is infinite, will alfo be infinite ; whence from the 
above Reafoning, the Pofition is manifeft. Hence we conclude, 
firft, that when n is greater than — 3, or the Law of Cen- 
tripetal Force, as any Power of the Diftance dirc&Iy, or 
lefs than the Cube thereof inverfely, the Body cannot pofli- 
bly fall into the Centre, except in a Right- Line. And ,fecondly, 
that, when the Force is, as the Cube, or more than the Cube 
of the Diftance inverfely, it muft either be forced to the 
Centre, or fly an infinite Diftance therefrom, unlefs it moves 
in a Circle. 

Furthermore, becaufethe abovefaid Quantity, when x is in- 
finite, in all Cafes where n-\-i is negative, and pp greater than 

, appears to be greater than Unity, it follows, that in all 
"+ 1 ’ 

thofe 
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thofe Cafes, the Body may afcend, even to an infinite Height, 
and adhially will do fo, when n has any Value betwixt — i 
and — 3 ; becaufe then, tho’ the Body fhould at firft approach 
towards the Centre, its Afcent cannot be anticipated by being 
drawn into it, as it may, when the Value of n is fmaller, 
as has been above (hewn. 

Note, The fame Things may be otherwife determined by 
Help of the laft general Value of A ; for if pp -f- _^_x x x 

— p* j 1 a 1 — 3 x x x, the Square of its Divifor be 

r *+.»»+> 

made equal to nothing, the affirmative Roots of that Equation, 
or Values of x, will give the greateft and leaft Diftances of 
the Projedtile from the Centre of Force, and therefore in thofe 
Cafes, where it is found not to admit of two fuch Roots, the 
Body muft either fall into the Centre, or fly it ad infinitum. 



L 


PROP. 
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PROPOSITION III. 

To find the Motion, or Angular Difiance ofi the Apfides, in 
Ot bits nearly circular ; the centripetal Force being as any 
Power oj the Difiance. 


L ET A r Pa be the 
propofed Orbit, 

A and P two Places of 
the higher and lower 
Apfides, A e EdA, and 
nPbn, Circles deferibed 
with the Radii A C, 

C P about C, the Cen- 
tre of Force ; let r be 
a Point in the Trajec- 
tory taken at Pleafure j 
and let the Velocity of 
the Body at the higher Apfe be to that which it ought to 

have to retain itfelf in the Circle Ae E, as ^/ \ e, to r ; 

calling AC, ij re, y, C r, l— yj and A*, A: Then, 
by fubftituting, i ford, i for s, ^/F^e f or p, i—y for 

s f a a x 

x, and y for x, in 



* ✓£ + -!- Xxx-p*,'a'- 


»+3 


'■f 1 s+iXu'i 1 

the general Value of A, as found by the laft Prob. the fame it 

/'-' X; 

is manifeft, will become — r — — - , , v — 1»+ 3 

>-5V>-'+-5-x T= ? — i-h— 

*+i W + 1 

for the Value of A in this particular Cafe; which by redu- 
cing 
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cjng i _yl‘ and i — into fimple Terms, is 


y \/ i — ‘ 


, — y v' i — <+ -5- X> — * >+.*>— I -k— A- X 1 — *+3X>+»+jX -t./ * . 

y*J » — * 

&'■ = / , — - ZETT vf+iyl+l v i fcy 

but, becaufe e and y, by the Nature of the Queftion, are very 
fmall, all the Terms wherein more than twoDimenfions of thefe 
Quantities are concerned, may be reje&ed as inconfiderable in 
refpea of the reft ; by doing which, our Equation becomes 

. which (for the above Reafon) is 


A = 


JV I — * 


i — j y/z ty — » + 3 XxJ 


- i l 

= 7 , or T "T X /7~ 

Fluent of -?== when J~£--yy becomes =o, or A=AeE, 

is equal to a Semi-circle whofe Radius is Unity, or to 18® 
Degrees; therefore X 180° Degrees, is the 

Meafure of the Angle A CP. $±E.L 


very nearly : But the 


C O R O L. I. 

W HEN n is equal to, or lefs than — 3 > then the Value 
(j 1 -**) of * c An S le A C P * bccomin 8 cither infi “ 
nite or impoflible, it follows, that if the Law of Centripetal 
Force be, as the Cube, or more than the Cube of the Diftancc 

inverfely. 
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inverfely, the Trajectory cannot have more than one Apfide : 
And, therefore, the Projedtile in all fuch Cafes mud inevita- 
bly either fall into the Centre of Force, or fly from it ad in- 
finitum , unlels it moves in a Circle; which is agreeable to 
the Scholium aforegoing. But, if n be equal to i, o, — i, 
or — 2 ; then will the Angular Diftance of the two Apfides 
be, 90® too, 103 55', I27°:i7', or i8o®:oo', re- 

fpedlively ; the firft and iaft of which we are allur’d of from 
other Principles. 

C O R O L. II. 

I F the Diftance ( D ) of the Apfides be given, and 
the Law of Centripetal Force from thence be re- 
quired : Then, by making equal to D, we lhall 

have — 3, =», for the Value fought: Hence, if D 

be 360°, or the Body takes up one intire Revolution in 
going from one ApJ'e to the other ; then, mull the Law of 
Centripetal Force be reciprocally as that Power of the Dif- 
tance, whofe Exponent is 2 1 ; but, if either Apfie , from the 
Time of the Body leaving it, to its Return again, has mov’d 
forward only a very fmall Diftance, E, or D be = 180° 4- 

-j, the Force will then be inverlely as the 2 4-— Power 
of the Diftance, very nearly. 

SCHOLIUM. 

I F x be any Diftance of the Projedtile from the Centre 
of Force, and the Law, by which it tends towards the 
fame Centre, be every where, as ex” 4- dx" 4- e xt-\-f x<t , 
&c. c, d, &c. n, m, &c. being determinate Quantities j and 
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if a be the DHtance of one of the Apfide s from that 
Centre, the angular Diftance of thofe Apfides will be 

— — — " ■■■ _1_ xj8o°. 

3+*X fa ’' + 3 + ” , X ,, 'a' n + 3 -f />X'«^ I 


From the MEAN ANOMALY oj a P Janet given ; to 
find its PLACE in its ORBIT. 

L ET A O B be the 
given Orbit, S the 
Sun in one of the Foci, 

A C the Semi-Tranfverfe 
Axis, CO the Semi-Con- 
jugate, A EH BA a Cir- 
cle circumfcribing the El- 
lipfis, and let n be the 
Place of the Planet at a- 
ry given Time after or 
before its palling. A, the 
Aphelion ; thro’ which 
draw E n P perpendicular 
to AB, and having joined the Points E S, E C, S«, and, made 
SD perpendicular to ECD, take the Arch EH equal to SD, 
and the Arch A a equal to SC. Then, the Sedtor ECH 
being equal to the Triangle ECS, ACHA will be equal 
to A S E A ; inafmuch as the former of thofe Areas is com- 
pounded of the Sedtor ACE and ECH, and the latter 
of the fame Sedlor and the Triangle ECS: Where- 

fore, fince the Area ASEA, is to AEBCA, half the 
Circle, as the Elliptical Area A«SA, to the Semi-Ellipfi s 
A m B C A, by a known Relation of the two Curves ; if, 

M inftead 
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inftead of ASE A, its Equal be fubftituted, we (hall have,, 
as AC HA : A E B A :: A«SA : AnBA; but ACHA 
is to A E B A, as the Arch AH to A E B, the Semi-Cir- 
cumference ; and therefore it will be, as A«B A : A«SA 
: : A E B : AH: Wherefore fincc the Areas A/;BA, AnSA, 
defcribed by Radii drawn to S, the Center of Force, are as 
the Times of their Defcription, it will be, as the Time of 
defcribing AnBA, or that of Half one Revolution, is to the 
given Time of defcribing AnSA, fo is AEB to AH; 
which, therefore, is the given Mean Anomaly in this Pofition, 
or the Arch proportional to the Time of the Planet’s moving 
thro’ A n. 

lyet now A C = i, CS = f, AH = D, A E equal E, 
its Sine E P equal x, and its Co-fine C P =y. Then, 
from the Similarity of the Triangles CEP, CSD, we {hall 
have, EC : EP :: A a (SC) : EH (SD) and, con- 
fidently , AE + AtfsAH, orE+xxAa, 

-D ; which Equation, it is manifeft, will hold equal^ 
whether the Arches A E, A a , and A H, be taken in De- 
grees or in Parts of the Radius : But now, in order to folve the 
fame, let the required Arch, or Value of E,.be eftimated pretty 
near the Truth, and let this affirmed Value be denoted by 

Ar=E, its Difference (re) from the Truth, by Ej and 

D — As — j^-x Aa = D — E — x xAj, the Error of the 

the Equation, by R> make vr parallel to AB, and let sb be a 
Tangent to the Circle at the Point r : Then, as sb , by reafon 
of its Smallnefs, may, in this Cafe, be confidered a6 equal to e s t 
and becaufe of the Similarity of the Triangles C/Jr, srb t 
1 we 
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we {hall have as I (C s) : y (C k) : : E : y x E = rb , or e r, 

very nearly ; whence E = E -j- E, and PE=x=x + yxE, 
which Values therefore being fubflituted in the general Equa- 

/ * I 

tion E + *xAd = D, there comes out E + E + xxAtf 

-f-yxE xAj^D very nearly; wherefore 

/ * 
p ~ E ~ JfV A - or, = — ; — : nearly ; Hence it appears, that, if 

the Error of the Equation be divided by i+^y, and the 
Quotient added to, or fubtradted from the firft or a {Turned 
Value of E, there will arife a new Value of that Quantity 
much nearer the Truth than the former : And if with this 
new Value, and thofe of x andy correfponding thereto, we 
proceed to a new Error, or compute the Value of R, and 
that of the Divifor i -f- ey, &c. it is likewife evident, 
for the very fame Reafons, that a third Value of E 
may be found, by the fame Theorem, ftill nearer the 
Truth than the preceding, and from thence another, 
and fo another, &c . 'till we arrive to any Accuracy 
defired, each Operation, at leaft, doubling the Number of 
Places ; fo that in the molt excentric of the planetary Orbits 
two Operations will be found fufficient to bring out the An- 
gle ACE to lefs than a Second : And when that is known, 
as EP and SP are then given, the Angle »SP may be ea- 
fily had ; for, by the Property of Curve, it is A C : C O 

: : EP : P n =£^ E T, and S P : ^^*£2 (P«) :: AC 


X 


( Radius ) : 


EPXCO 

$T 


= the Tangent of A S». E. I. 


Othcrwile, 
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Othcrwife, 

Let Radius E C = r and the general Equation A E -f. 

F. P x 

— xA« = AH, or E = D — — x A 0 be again refumed * 

then, the Orbit not being very Excentric, E will, it is 
evident, be nearly equal to D ; and, confequently, ( x ) 
the Sine of E, nearly equal to the Sine of D : Therefore, if 
the Sine of D be fubftituted for x, and the faid Sine be de- 
noted by x (lignifying the firft Value of x) it is obvious, 

i 

thatD — — XA a will be nearer to the true Value of E, 

/ 

than D, and, confequently, that the Sine of D — — x ha 

( which I call x ) nearer to x than ( x ) the Sine of 

// 

D; wherefore D — -j-xha, mud be, Rill, nearer the 

$ 

Truth, or the required Value of E, than D — x A a, 
and, confequently, its Sine (which I call "x) Rill, nearer x, 
than ix) the Sine of D — ^xA a: In like manner, the 

Sine of D — -L x A a (or x) will appear to be nearer x 

than x, and D x A a, nearer to the required Value 

than D — --x ha, &c. CsV. Whence the following Me- 
thod of Solution is manifeR. 

Let 1758123, the Log. of (57.2958) the Number of De- 
grees in an Arch equal in Length to Radius, be added to the 

Logarithm 




Digitized by Google 


( -IS ) 

Logarithm of the Eccentricity, and from the Sum dedudt 
the Logarithm of Half the greater Axis ; the Remainder will 
be a 4 th Logarithm (L) ; which, being once computed, will 
ferve in all Cafes of that Orbit : To this Logarithm add the 
Logarithmical Sine of the given Mean Anomaly reckoned to 
or from the Aphelion ; the Sum, rejecting Radius, will be 
the Logarithm of an Arch in Degrees j which, being 
taken from the Mean Anomaly, and the Sine of the 
Remainder added to the faid Logarithm, the Sum, rejecting 
Radius, will be the Logarithm of a 2 d Arch ; which, in like 
manner, being taken from the Mean Anomaly, and the 
Sine of the Remainder added to the fame Logarithm, the 
Sum, reje&ing Radius, will be the Logarithm of a 3 d Arch; 
from whence, by repeating the Operation in the very fame 
manner, a 4 th Arch will be found, and fo a 5 th , &c. ’till 
we arrive to any affigned Exadtnefs ; the Error in the 
Anomaly Excentri, or Angle ACE, which Angle is 
to be expreffed by the Difference of the Mean Anomaly 
and the laft of the faid Arches, being always much lefs than 
the Difference of the faid Arch and that which immediately 
precedes it, from which Angle the true Anomaly is had a® 
in the above Cafe. E. I. 


Otherwife, 


The foregoing Conftrudion being retained, let Radius ( AC) 
=i, the Sine of the given Anomaly ACH =a, its Co-fine — b, 

and let E m be the Sine of E H : Then will a Cm by Em 

— x, the Sine of the Difference of thofe Angles, by the Elements 
of Trigonometry, but EH being =ex, Em (by the fame ) 


will be ex 


t' x' 


*• 3-4 5 * 


&c. and Cm = 1 — T * ■ -a- 
2 * 


( 4 x 4 

7- > whence, by Subftitution, &c. 

N 


we get 1 4- be > x 
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— — 6 — — , Gfr. =<x, where, by inverting 


a 3 / 1 




the Scries, x comes out = — — + 7 ^ X 1+4i , + 


' a,< * rj » , ***— ' 

,-+*?»> =«X 1 — T“ 


xe* 


; *a — 3 b b 


X be 5 


Cfr. from whence, if the Eccentricity be not very large, the 
Angle ASn may be had as above to any Degree of Exadt- 
nefs, 4>. E. I. 

Note, That, in thefe Solutions, when E is greater than a 
Right Angle, its Co-fine y is to be confidered as a negative 
Quantity. 

SCHOLIUM. 

As the foregoing Methods of Solution may feem te- 
dious or perplexed for common Pra&ice, a fhort Approx- 
imation, tho’ limited in Point of Exa&nefs, may be 
of Service. In order to this, we have have given EP‘ 


. , ■ 2*»A — a a a o / _ _ 

( = *) z=ax I — be-\ ^ + xbe 3, £s ?c.. 

as above, from whence PC ^±y-=^/ x — *x) is ==^_j_ a'e— 

^ b a % t x | 6 b b — 2 a, 

— — - 


xa* bkh xba i e+, Cfc. But, 

by the Nature of the Curve i+ey is =S», and Pn = v /i — ee 
X x (= and therefore (= i^)will 

be the Sine of the Angle AS;*, or true Anomaly , and 

A ° b X S P - ^ its Co-fine : Hence, by the Elements of Tri- 

gonometry ax — 4 .-,- - = r+TT 

will be the Sine of the Difference of the Angles HCA, AS n, 
or of the Equation of the Orbit ; wherein, by fubftituting,, 

infiead- 
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inftead of x and y, their refpedtive Values, and contradtin£ 
the whole by Divifion, &c. there will come out 2 ae into i — 

1 is. _i_ I 

4 1 3 ’ 

which, when e is not very large, will appear to be equal to 

Zac 2 ae I 3 

TIE **T 

,+ T“ ,+ 4 


4 a i.’ . ?AZ * a 27 n t' # - 

— V xee+ ^ x^J, (fr. 


Ell 


very nearly; for this, converted to 


a Series, is 2 ae — 


C a kt* 


Hat',' 8,»,» . . . 

H h loa'be* 

B 3 


— I V ab 1 ' , * Gfc. from which,, if the former Series be ta- 
3* 


ken, there will remain only iLill _p. ilii _ IJL£ xbe\ 
GV. Hence is deduced the following 


PRACTICAL RULE 

For finding the Equation of the Centre from the Mean 
Anomaly given. 

As Radius, to the Co-Jine of the given Anomaly , fo is » 
Parts of the Excentricity oj the Orbit , /o <7 fourth Number ; 
•which Number add to half the greater Axis, if the Anomah 
be lefs than 90, or more than 270 Degrees , otberwife fubtrah 
from the fame : Say , the Sum or Remainder , /'j ro Double 

the Excentricity, fo is the (Logarithmic) Sine of the given Ano- 
maly, to the Sine of afirft Arch-, from three Limes •which Sine 
dedutl the double Radius, the Remainder •will be the Sine of a J'e- 
cond Arch, -wbofe -j Part , taken from the former, leaves the 
Equation fought. 

And; 
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And it mud be noted, that this Rule, in the Orbits of 
Saturn , Jupiter, and the Moon, anfwers to a Second, and 
in thole of the Earth and Venus to lefs than A of a Second. 
And, in thefe two laft, the Arch full found will, without 
farther Correction, be fufficiently exadt to anfwer to the ni- 
ccfl Obfervations, the Error never amounting to above 2 or 
3 Seconds ; which is more corrcdt than either the noted Hy- 
pothefis of Ward or BullialJus, as will appear from the fol- 
lowing Examination of thole Hypothefes, which, as they 
have been much celebrated, and come near the Truth in ma- 
ny Calcs, may here alfo deferve a particular Confideration. 
And, to begin with the latter, which fuppofes the Angle 
A F n made at F the upper Focus by the Aphelion and 
(a) the Planet to be the Mean Anomaly, and therefore 
S//F the Equation. Becaufe a the Sine and b the Co- fine 
of the faid Angle arc given, by the Nature of the Ellipfis, 

S //= 1 - is alfo given ; whence, by Plain Trigono- 
metry, it will be, as ’ a '• 2e (SF) : 2 ae x 

_ L±i £ — equal to the Sine of SnF, which, put in a Series, 

I 2 bc-fce A 1 

is 2 ae x 1 — tb -f-2 bb—~“\ x e<?4- 3 — 4 bb xbei,&c. 
and this taken from 2 ae x 1 — itL -{-HI — til X ee, &c. 

4*3 

leaves 2 ae x — —4 - — — — X ee, (£c. for the Error of 
4 * 3 

this Hypothefis. But now for the other, where, EnP being 
perpendicular to A B, A F E is fuppofed the Mean Ano- 
maly. Let S C and C m be perpendicular to FE; then it 
will be as- 1 (EC) : a (the Sine of AFE, or CFE) 
:: e (CF) : aesiCtn, the Sine of CEFj whence Em, 
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its Co-fine, = </ i— a'e 1 : Again, as i (the Sine of Cot F) 
: e (CF) :: — b (the Sine of FCw) : — eb = F m, equal 
alfo to C m, becaufe C S is = F C ; for which Reafon S / i s 

double to mC; wherefore it will be, as y/ i — a' e x eb 

(El) : 2ae (SI) :: i (Radius) to = the 

Tangent of SEF; which, in a Series, will be 2 ae x 
1 eb-\- n 1 ■+■ e 1 b 1 , £fc. whence the correfponding Sine 


is eafily found = 2 ae x 1 — eb-\-b 1 e x - 


1 aa e e 


•j&c. and this 


taken from 2 ae x 1 — ■> 


C e b 


j bb 


— illxe*, gives zae in- 


to — ~ -\ — - •+• ^ xee, &c. for the Error in this Cafe 

Hence it will appear, that 
the greateft Error of each of 
thefe Hypothefes, in the Or- 
bit of Mars , where e is up- 
wards of .09, will be about 
5 or 6 Minutes, and in the 
other planetary Orbits, ac- 
cording to the Squares of their 
Excentricities ( in Parts of 
their own Semi- Axis) nearly; 
it alfo appears, that towards 
the Aphelion the Circular 
Hypothefis will be the more 

corredt, and near the Perihelion the other ; and, laftly, that 
both Hypothefes make the Equation too large in the 
higher, and too fmall in the lower. Part of the Orbit. 

O Having 



/ 
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Having fhcwn how much thefe two noted Hypothefes, 
(by many To much efteemed) differ from Truth, it may be 
proper to proceed now to give fome Examples of the pre- 
ceding Methods, whereby the Problem is more corredly 
folved. 


EXAMPLE L 

L ET the Exccntricity of the propofed Orbit be of 
the Mean Diflance or Semi-Tranfverfe Axis, and the 
given Mean Anomaly 72 0 12' 36 =72.21 Degrees; and 
let the Anomaly Excentri, by the firft Method, be required/ 
It will be, as 1, the Semi-Tranfverfe, to .05, the Excentri- 
city, fo is 57.2958, the Number of Deg. in an Arch, equal in 
Length to Radius, to 2.86479= the Arch A a-, wherefore, 
the general Equation, in refpett to this Orbit, will be E -j- 
2.86479 xx— D, and by writing therein the given Anoma- 
ly, inftead of D, it will, in this particular Cafe, become E -f- 
2.86479 xx = 72.21. Now, becaufe 2.86479 x x mull 
be lefs than 2.86479, E, it is evident, can neither be much 
lefler, nor much greater, than 70 Degrees ; therefore, I 
eftimate the fame at 70 Degrees , and then fay , as 
Radius, to the Sine of that Angle, fo is 2.86479 » t0 
2.692 ; whence E — D + 2.86479. x x equal 0.482, 
which is the Error, or firft Value of R : Again, for the 
Divifor i-i-ey, as Radius, to (7) the Co-fine of 70°, Co 
is .05, ( e ) .0171 =ey-, therefore 1 +ey= 1.0171, and 

=~-r = ~ o ^ — 0.464 ; which, being taken from jo°, gives 

69.536 for the next Value of E ; wherefore, it will be, as 
Radius, to the Sine of 69.536, or 69° 32 - 7 ’ 5 6 e> fo is the 
faid Co-efficient 2.86479, to 2.68401 ; from whence the 

next 


Digitized by Googl 


( 5' ) 

next Value of R is found equal o.oiooi ; and this, divided 
by the next Value of i-{-ey, or even by 1.0171, the laft 
Value, and the Quotient taken from 67.536, leaves the true 
Value of E (—69° 31' 34 ) tolefs than a Second. 

•* EXAMPLE II. 

L ET the fame Things be propofed, as in the preceding 
Example, and the Anfwer according to the fecond Me- 
thod be required. 

The Value of L, or the Log. of the Arc A a, as found 
by the laft Example, being 457093, I add thereto the 
Logarithmic Sine of 72 0 12' 36 , or 72 0 .21, the Sum, re- 
jecting Radius,, is the Logarithm of 2.73, the firft Arch, 
which fubtraCtcd from 72.21, the Remainder will be 69.48; 
to whofe Sine adding the faid Value of L, the Sum, deduct- 
ing Radius, will be the Logarithm of 2.683, the fecond 
Arch ; with which, repeating the Operation, the third Arch 
will come out 2.6838, &c. and this taken from 72.21, leaves 
69.5261, &c. or 69° 31' 34^ for the Anomaly Excentri j 
from whence the 7 rue Anomaly will come out 66° 52' 50". 

EXAMPLE III. 

T H E fame Things being given ; by the practical Rule, 
it will be, as Radius to the Co-line of 72 0 12' 36 ", 
fo is .0625 ( = i of .05) to .0191; again, as 1-^.0191, to 
0.1, the double Excentricity, fo is the Sine of the fame Angle, 
tothe Sineof 5 0 21 41"; three times whofe Log. Sine, minus 
double the Radius, is the Sine of 2 ' 48 ; the } Part whereof 
being taken from 5 0 21' 41", leaves 5 0 20' 45" for the 
Equation of the Center, and :. this taken from 72 12' 36" 
will give 66° 52' 51'', equal to the ’True Anomaly very 
nearly. Of 
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Of the Motion of Projectiles in refitting Mediums. 

PROPOSITION I. 

Suppofing that a Body, let go from a given Point, with a 
given Velocity , directly to or from a Centre, towards which 
tt uniformly gravitates, is refifed by a fimilar Medium, 
in the Ratio of certain Powers of the Velocity, whofe In- 
dices are reprefented by the given Numbers, r, s, t, &c. 
And fuppcfmg the Part of the whole Ref Jlance, at the Jaid 
given Point, correfponding to each of thofe Powers, as well 
as the Force of Gravity, to be given ; “tis required to find 
the Relation of the Times, the Velocities, and the Spaces 
gone over. 

L E T P be the given Point, DPC the Right Eine 
in which the Body moves, and D, e, any two 
Points therein indefinitely rear to each other : Sup- 
, g pofe the Velocity at P to be fufficient to carry the 
r . - Body, uniformly, over a given Diftance g, in a given 

‘ p Time h -, and let m be the Space, which would be de- 

feribed in the fame Time with the Velocity, that 
would be generated in that Time in vacuo by a Force 
equal to the Body’s fpecificlt Gravity in the given Me- 
- < dium ; let the Part of the Refiftance, which is as 
the r Power of the Celerity, at the aforefaid Point, 
be fuch, that the Body in moving over a given Dif- 
C tance b, with its Velocity uniformly continued, would 
from that Part alone, meet with a Refiftance fufficient to 
take away its whole Motion ; or which is the fame, let b be 

the 
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the Diftance that might be deferibed with the Velocity at P iu 
the Time that the Body would, by the faid Part alone, have 
all its Motion deftroyed, was the Refiftance to continue the 
fame as at the firft Inftant j and let the like Diftances, with 
refpett to the other Parts of the Refiftance, that arc as the 
Powers of the Celerity, whofe Indices are, s, t, (Sc. be c, <i, 
(Sc. refpedtively ; laftly, let P D = *, De=Pq~x, the Time 
of deferibing P D = T, and the Space the Body would move 
over in the given Time b , with the Velocity at D, = v. 

Then it will be, as g : h : : x (Pf) : the Time of de- 


feribing P q, and as b : g : : x ( P?) : -ZZ-, th« Velocity de- 
ftroyed by that Part of the Refiftance, which is as the r 
Power of the Celerity, in that Time ; therefore, the Velocity 
at D being to the Velocity at P, as v tog, that deftroyed, by 
the fame Part, in the fame Time, from the Body's leaving D, 

will confcquently be x^~= , becaufe this Part 

• • ! r >>z r ~ l 

of Refiftance is as the r Power of the Velocity : But the 
Time of deferibing D e, is to the Time of deferibing P q, 
as g to v, therefore the Refiftance arifing from the afore- 


faid Part in deferibing Dr, muft be x x — — » 

ig 1 — 1 i lg ’— 2 

from whence, it is manifeft, by Infpedlion, that the other 
Parts of the Refiftance, or Quantities of Motion deftroyed 

thereby, will be , ~~r, (Sc. And therefore the 

•whole Velocity deftroyed by the Medium, in deferibing De, 




But, the Time of deferibing 


Df, being to h —~ that of deferibing P q as g to r, will 


P 


be 
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be rcprefented by tl-, and therefore it will be, as h : m :: 
t i : ^1, the Part of Velocity generated or deftroyed in 

'V •V 

that Time, by the Force of Gravity, which added to, or 
taken from, the former Part, arifing from the Refiftance, 
according as the Body is in its Afcent or Defcent, the Sum 

or Difference =* — -+* —— — \ — h — 7 — - > GV. muff, it is 

v 2 <& 

manifeft, be equal to ( — v) the whole Decrement of Velocity : 


Hence we have x = 


■ m + 


Ue. 


b e r 2 2 

Moreover, becaufe T, the Time of defcribing D e, is found 

equal to ~ , we have — = x ; which being fubftituted in- 

ftead thereof in the other Equation, Cs?c. there will come out T= 


— br 


=*« -f 




. tfe. 


. E. I. 


<z 


C O R O L. I. 

H ENCE, when the Refiftance is barely in the Am- 
ple Ratio of the Velocity, then c, d, &c. being infi- 
nite, our Equations become x = - , and T equal 

=t -+T‘ 

~lf : Whence x = into the Hyp. Log. 

«f “55*. T = ~ into Hyp. Log. of 


C O R O L. 
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C O R O L. IT. 


B UT, when the Refiftance is, as the Square of the 
Velocity, r being equal to 2 , and c, d, &c. infi- 


nite (as before) the Equations will be x equal to > 

b 

— h 'V 


and T equal to 


+ r u 

— 

b 


Hence * is found equal to 


— x Log. *■* ^ ^4 , wherein, if v be taken = o, we Ihall 

2 O V zr mb 


have — x Hypb. Log. i + L ) for the Height of the whole 

Afcent ; but, if v * — mb be taken = 0 , we lhall have 
y/ mb equal to the greateft Velocity the Body can pofiibly 
acquire by defeending ; laftly, if g be taken = o, there will 

be— X Log. for the Diftance gone over when 

the Body falls from Reft ; therefore, in that Cafe the Log. 
being = 24- , if n be put for the abfolute Number 

mb — w b b 1 

whofe Hyperbolic Log. is — x we ^ a11 2 et mb—™ — h* 

■ ■ | I I 

and confequently v=mb 1 X 1 — « *. 

Moreover, with refpeft to the Time, becaufe T in the 

Defcent of the Body is = m £ h _J- v the Time it felf will, in. 
this Cafe, be into the Hyp. Log. X 

T. e . and therefore, when the Body defeends from Reft, 

mol 1 +g t 

is barely = — x Log i — , wherein, if the above 

found Value of v be fubftituted, it will be — y/ x 

Log. 
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Log. ' 1-^1 1 : But, in the other Cafe, T being = - “T* — 

1 ~~ i * 1 ° tn o *v v 

T wilt be equal to — drawn into the Difference of the two 


Circular Arcs, whofe Tangents areg and v, and whofe com- 
mon Radius is y/ mb. And, in like manner, the Values of 
x and T may be exhibited by the Quadratures, &c. of the 
Conic Sedtions, in any other Cafe, where the Refiflance is 
barely as a fimple Power of the Velocity, whofe Exponent 
is a rational Number, and alfo, in many Cafes, where the 
Refiflance is in the Ratio of two different Powers, by Help 
of the laft Problem of this Treat ife. 


C O R O L. III. 


I F m be taken = o, or the Body be fuppofed to be afledt- 
ed by a Medium only, and the Refiflance be barely as a 
fimple Power (r) of the Velocity; then x becoming equal 

— bg v v, and T= — bhg r 2 v r v, x, in this 
Cafe, will therefore be = ~ hs f and T equal 



Where, if r be taken = o, *, 2, 3, 


Gfr. fucceffively, x will be — — b iOL, b Log.-£, 

- i + U-.&c. and T equal to ^ x g, t± Log. A, ii 
x } Gfa refpedlively ; from whence, by 

exterminating v, we have x = , T = ~ Log. 


T = &c. 

expreffing the Relation of the Times and Spaces in the faid 
Cafes, refpedlively. 

SCHO- 
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SCHOLIUM. 

I N Fluids void of Tenacity the Refiftance is in the Du- 
plicate Ratio of the Velocity ; and it is found, that a 
Body in fuch Fluids, by moving over a Space, which is to 
• of its Diameter, as the Denfity of the Body, to that of 
the Medium, with its Velocity uniformly .continued, would 
meet with a Refiftance fufficient to take away its whole Mo- 
tion : Therefore, if this Space be taken to reprefent the Va- 
lue of b, in Cor. II. by Help of the Theorems there given, 
the Velocity, Time, or Space gone over, will be readily ob- 
tained. For an Inftance hereof, let a Ball, whole Diameter 
is 4 of a Foot, and whofe Denfity is the lame with that of 
common Rain-Water, be fuppofed to be projected upwards 
in a Direction perpendicular to the Horizon, with a Velocity 
fufficient to carry it uniformly over a Space of 300 Feet in 
•one Second of Time ; and let the Heighth of the Afcent, the 
Times of Afcent and Defcent, with the Velocity generated 
in Falling, be required. Becaufc, the Denfity of Rain-Water, 
is to that of Air, as. 860 to 1, h will, here, be (’ x x , X 860) 
7644 Feet j and fince the Velocity, which a Body would 
acquire in one Second of Time by freely defeending in vacuo, 
is fufficient to carry it uniformly over a Diftance of 32.2 
Feet in that Time, it will be, as the abfolute Gravity, to the 
fpecifick Gravity; or, as 860, to 859, fo is 32.2, the faid 
Feet, to (32.16 = ) m t h being equal to the Time above- 
mentioned: Wherefore, if for g, b, b and m, their refpedtive 
Values 300, 1, 764.4, and 32.16, be fubftituted in the afore- 

laid Theorems, we ffiall have, firft, x Hyp. Log. 1 4- £-* 
(«*) = 630 Feet for the whole Heighth of the Afcent, 

l*,-— x Arch, whole Tang, is g, and Rad y/mb , = 548 Se- 
** conds. 
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conds, the whole Time of Afcent; 3 d , s= .2 1455 ; 4 th , v = 
139, the Diftaoce that would be uniformly defcribed 7 n one 

Second with the Velocity acquired by falling; laftly, ~y/~ 

x Log. ' +k / ' ~-l = 6.8c, the Time of Defccnt. But if thefame 

Ball be iuppofed to move in Water withthe fame given Velocity } 
then, the fpecifiek Gravity in that Fluid being nothing, the 
Body may be confidered as moving by its innate Force only; 
and, therefore, the Number of Feet gone over, in any Num- 
ber of Seconds, denoted by T, will (by Cor. IIL) be -J, 
into the Hyp. Log. of » -f. 3-37.5 T. 


PROPOSITION II. 

To find the Ref fiance and Denfity of a Medium , whereby a 
Body, gravitating uniformly in the Direction of Parallel 
Lines , is made to deferibe a given Curve ; the Law of Re~ 
Jifiance being given , partly as the n Power , partly as the 
2 n Power, partly as the 3 n Power , &c. of the Celerity 
or as aC*-\-bC J " + fC3», &c. where C denotes the 
Celerity, and n, a, b, c, &c. any determinate Quantities. 


L ET ArC be the propofed 
Curve, and AH the Axis 
thereof, or a Right-line in which 
the Body gravitates, to which let 
rn and em be parallel, and Hr 
and bm perpendicular, r and m 
being any two Points in the Curve 
taken indefinitely near to one a- 
nother: Suppofc the Body arrived to ^ with a Velocity in 

the 
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the Direction re, reprefented by v ; let AH = *, II h (rri) 
= x, H r=y, tint (rt) — y } rm=.z, and let D be as the 
required Denfity. Then, fince the Velocity in theDiredion re 

is v, that in the Diredion rn will be ■, and therefore 

y 

will be the Fluxion of the fame, of the Increafe 

y 

of Velocity in that Direction during the Tirr.e* of deferibing 

rm •, wherefore, if from this we take the Part arifing from 

• • 

the Refiftance of the Medium, which is 2LL (becaufc it is 

y 

to v , the Alteration of Velocity in the Diredion re, as x to 
y ) there will remain ■?■£. for the other Part arifing from the 

Force of Gravity, in the fame Time and Dircdion ; therefore, 
the Refinance in the fiud Dircdion, is to the Force of Gra- 
vity, as — 22L to or, as — -~r to I j and, confe- 

y y vx , 

quently, the abfolute Refinance, in the Diredion rm, to the 
Force of Gravity, as to i : But ( the Part of 

Velocity, arifing from Gravity, being as the Time 2. of 

*¥ 

deferibing r m, may be exprefled thereby ; whence we have 
— = -A, or v x x = yy-, and therefore In Fluxions zvvx 

+ v % x =o, or — which fubftituted in the fore- 

* v 2 x 


going Proportion— : I gives - V r . - to i for the Ra- 
tio of the Refinance to the Gravity. Moreover, becaufe 
. • the 
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the abfolute Velocity is -A , the Refinance, by SuppoGtion, 

• j 

will be as D into a x -^4-1 -f - bx &c. or, becauie 

j * y ' . 

22- is =2r,i , as D into a x bx2 — , G?c. which 

y x J * * * 

Qi^antitj mult therefore be as 22-, and confequently D as 


4 * .. ♦ * n 

* — * w ’* — T— Z * 1 sr “ T 


ax* ‘X* 1 +4*' 






COROLLARY. 


H E N C E, if the Law of Refinance be only as a Tin- 
gle Power («) of the Velocity; then, by taking b % 


c, d t &c. each = o, and a = I, we have 


for the 


• * — I •’« 

K X* 


Dcnfity ‘in that Cafe; which, therefore, when n is = *, 
or the Refiftance dirc&ly as the Square of the Velocity, 


will he barely as -rrr 

X X 


EXAMPLE I 


L ET it be required to find the Denfity of a Me- 
dium, wherein a Body moving, (hall dcfcribe the 

-common Parabola. Here x being we have x equal 
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* ft i = *ii.jand x=o j and therefore D=o; which 
t ' P 

(hews, that a Body, to defcribe this Curve, muft move in 
Spaces entirely void of Refiftance. 

EXAMPLE II. 


T O find the Denfity, £?c. when the Curve is a Circle, 
and the Refiftance as the Square of the Celerity. 

Becaufe x, in this Cafe, is =:a — ,/ a a — yy , there will 


* = ■ = i* , 

a a — y y • 


and x = 


3 “ X ,yl 'I : therefore the Denfity ) will here be, 

aa—yy\ \ z x J 


as 


— 7 ™ ■ , or, as the Tangent of the Diftance from the 

ay/aa—yy ° 

higheft Point dire&ly ; and the Refiftance will be to Gra- 
vity, as 3 y to 2 a, or, as 3 Times the Sine of the fame 
Diftance to twice the Radius. 


SCHOLIUM. 

I F the Denfity of the Medium be given, the Curve it 
felf may be determined by the Conftrudion of the 
foregoing fluxional Equation : So, in cafe of an uniform 
Denfity, and a Refiftance, as the Square of the Velocity, 

where we have D = -L-, or T)x\/yy-{-xx = x i 

XX * % 

x will be found = -■ — j- — — — * y * , &?c. And when 
ip 3 P 12/ 1 

D is conftant, and the Refiftance barely as the Velocity, it 

R . . will 

♦ •*## , * .' 4 .* ...» 
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thcr Cafe, being twice the Radius of Curvature, or the Para- 
meter at the Vertex j. both which, ahd the hue Value of D, 


may be eafily computed from the Velocity at A, and the- 
given Denfity of the Medium. 


PROPOSITION III. 


Tot Centripetal Force being given , and the Law of Refijl'ancr, 
as any Power (n) of the Velocity ; to fnd the Denfty of a 
Medium in each Part thereof \ whereby a Body may defer ibe 
a given Spiral about the Centre of Force.. 

L ET RotH be the given 
Spiral, R and m two Points 
thefein as near as may be to each, 
other, and C the Centre of Force; 
and let R O be the Radius of Cur- 
vature at R ; making O D and 
mp perpendicular to RC, and 
q calling Rf>, j; RC, x; R p, xy 

R m, z y the Centripetal Force, C;. 
and the Velocity, v. Forafmuch, as RO is to RD, as the 
abfolute Centripetal Force at R,. to that, which tending to 
the Centre O', would be fufficient to retain the Body, in the 
Circle, whofc Radius is R O, and,, becaufe the Centripetal* 
Forces in Circles, the Velocities being the fame, are inverfely 
as the Radii ; RD, it is maniftft, is the Radius of the Cir- 
cle which might be deferibed with the Velocity and Centri- 
petal Force at R Therefore, lince the Centripetal Force, 
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in Circles, is known to be fuch, as is fufficient to generate or 
deftroy all the Velocity of the moving Body, in the Time it 
is uniformly deferibing a Diftance equal to the Semi-diameter 


of its Orbit, we have, s ( R D ) : z (Rot) : : v 



the 


Velocity which the Centripetal Force would generate in ano- 
ther Body freely defeending from Reft at R, in the Time 
the former is deferibing Rot j wherefore, by the Refolution 


of Forces, it will be z (R ot) : x {Kf > ) :: , the 


Velocity generated in the fame Time, by the Body deferi- 
bing R ot ; which, therefore, added to v the Excefs of the ■ 

Velocity at R above that at ot, the Sum -+- v will, it 

is manifeft, exprefs the Velocity taken away by the Medium 
in that fame Time : But the Velocities generated or de-- 
ftroyed in equal Bodies, in equal Times, are as the Forces- ■ 
by which they are generated or deftroyed ; and, therefore,, 

it will be as -f- v i- y x , or as -f- X — to i, ftr 

‘ i Z X. v 

is the Refiftance to the Centripetal Force. But, the Velo-- 
cities in Circles being in the fubduplicate Ratio of the Ra-- 
dii and Centripetal Forces conjundtly, v will be as y/ s C,. 

and confequently ~ ^ whence, by Subftitution, 


it will be as — -4- — p- • — - : i, or, as zx -+- s x -r? 

IX- 2 c 

: C, fo is the Refiftance to the Centripetal Force ; but 

'2K 

C is the Centripetal Force, and therefore 2 *+ j x ~-f- 

2 Z 

~ is the required Refiftance ■, which- being divided by (iC 1 ") 

thu 
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•the n Power of the Velocity, becaufe the Refiftance is in 
.the Ratio thereof, and the Denfity of the Medium conjundt- 

— will, it is ma- 


lx -f 


c 


ly, the Quotient 

2 1 Z C : 2 CT zs a 

nifefl, be as the Denfity of the Medium. E. L 


EXAMPLE. 


L E T the Refiftance be in the duplicate Ratio of the Ve- 
locity, the Centripetal Force as fome Power, m, of the 
Diftance, and the Curve propofed the Logarithmic Spiral ; 
and, Radius being r, let c be the Co-fine of the common 
Angle, which all the Ordinates make with the Spiral : Then 

j, by the Nature of the Curve, being = x (= C R) ** + ' 

• 2 Z 
will be = - 3 -4- = 1L , and therefore 2X +_j. . '£ __ 

2x r 2Z * c * lr 



hence we have, as 



-ft fo is 


the Refiftance to the Centripetal Force. And the Denfity of 
4he Medium will be as that is, when c and m are 


given, reciprocally as the Di ftances from the Centre of Force: 
But when m is — 3, then - *” + 3 becoming =0, it ap- 
pears, that the Body in this Cafe muft move in Spaces entire- 
ly void of Refiftance to deferibe the propofed Spiral : And, 
therefore, the Law of Centripetal Force being more than the 
Cube of the Diftance inverfely, the Defcription of this Curve 
will, it is manifeft, be impoflible from any refilling Force 
whatfoever. 


Of 
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Of the Motion and Refiftance of Pendulous Bo- 
dies in a Medium. 

PROPOSITION I. 

Suppofing two equal Pendulums , whofe Bobs are in Form of 
the Segments of Spheres , to be moving with equal Velocities 
in a ref/ling Medium , and the Lhicknefs of each Bob with 
the Diameter of the Sphere from which it is formed, to 
be given ; 7 o find the Ratio of their Refinances. 

L ET AKBA be one 
Side, or Half, of one 
of the propofed Bobs, and 
E A K B F CE Half the whole 
Sphere whereof it is a Seg- 
ment; and let the faid Seg- 
ment be conceived to be divi- 
ded into an indefinite Number 
of indefinitely fmall Lamina, 
by circular Planes perpendi- 
cular to the Axis KC, and 
equi-diftant from each other; 
and let AeBSA be one of 
thofe Lamina, included be- 
tween any two adjacent Planes, 
and n be the Thicknefs thereof, or the common Diftance 
of the faid Planes ; calling AC, a ; AD, c ; any Ordinate 
R Q^y; mv, y ; and KD, x. Then, by the Property of 
the Circle, we have DR = y/ cc- — yy ; which, Radius be- 
ing a, is the Sine of the Angle that the Surface at Qjnakcs 

S with 
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with m the Direttion of its Motion, or the Incidence of the 
Particles it ftrikes againft : Therefore, fince the refitting Force 
of the Medium, on any Surface the Velocity being the fame, is 
as the Number of Particles falling thereon, and the Square of 
the Sine of their common Incidence conjundtly, the whole 
Refiftance of that Part of the propofed Surface, reprefented 

by Qjl’, will be as / ‘ X n y > becaufe ny is evidently 
as the Number of Particles : Hence, by taking the Fluent, 
we have ”JL X cc — -y 1 for the Refiftance of A Q; the Dou- 

a a ^ 

ble whereof, LLLZ > when y becomes equal c, will con- 

fequently be the whole Refiftance of the faid Lamina : 
Which Refiftance, if the Axis KD (x) be, now, fuppofed 
to flow, and x be put inftead of », will, it is manifeft, be 
the Fluxion of the Refiftance of the propofed Segment 
AKBD: But x being = a — y/ aa — cc by the Property 

of the Circle x will ;• be= ^ c _ ( ■ , and confequently the 


4 f 


whofc Flu- 


a A D * . 


above-faid Fluxion equal to 

a V a a - 

CM will be iS*£>L _ X ~ __ , 

2 2 3 L K . 1 3 

therefore the Double thereof as the whole Refiftance of the 
given Pendulum. ^ E. I. 


and 


C O R O L. I. 

H ENCE it appears, that the Refiftance of the whole 
generating Sphere will be exprefs’d by E K x K C, or 
the Area of the Semi-circle E K F E ; and therefore is to 
that of its circumfcribing Cylinder, moving in the Direction 
©f its Axis, exattly, as t to 2. 

COROL. 
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C O R O L. II. 

T" F the Refiftance, as above found, be divided by 3.14159, 
&c. x KD’x 6 k ?t lL?L?? > the folid Content, or Quan- 
tity of Matter in the Pendulum, the Quotient will, it is mani- 
feft, be as the Retardation of its Velocity arifing from that Re- 
fiftance ; and this, if b be put for the Axis or Thicknefs of 

the Bob, and d its greateft Diameter, will be equal to — , 

very nearly. I 


C O R O L. III. 


TT THEREFORE, if b be taken = d, wc fhall have 

^ ’ JL for the Retardation of the Globe, r whofe Dia- 

•, d 

meter is d j and therefore the Retardation of the Pendulum 
to that of its circumfcribing Sphere will be as 


to or as zb d 
\ d 


bb ■+■ dd\ nearly. 


Note , If the Bobs of Pendulums be in other Forms than 
thole of Segments of Spheres, the Refiftance will be readily 
had as above ; fince it is evident, that A C (a) being ta- 
ken for the Normal of the generating Curve K A, the Re- 
fiftance of the Lamina A eB SA will be — - as is there 

3 a a 

found, let that Curve be what it will. 

LEM M A. 

The Refiftance of a Body in a Medium , is to the Force cj Gra- 
vity ', as twice the Space thro' which the Body muft freely 
fall by that Gravity to acquire the given Velocity , to the 

Space 
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Space ever which it might move with that Velocity in the 
Time wherein the /aid Rejiftance, uniformly continued , would 
take away the Body's whole Motion. 

For the Velocity acquired by freely defeending from Reft, 
thro’ any Space, is known to be generated in the Time that 
the Body, with the Velocity fo acquired, would move uni- 
formly over double that Space : But the Forces, by which 
the fame Motion would be uniformly generated or deftroyed, 
arc k inverfcly as the Times in which it might be generated 
or deftroyed ; and therefore inverfely, as the Diftances de- 
feribed with the fame Velocity in thofc Times. 


PROPOSITION II. 

Suppojing that a heavy pendulous Body , ofc ilia ting in a Cycloid, 
is refilled by an uniform Force, and at the fame time by a 
rare and fimilar Medium, in the duplicate Ratio of the Ve- 
locity ; To find the Excefs oj the Arc, defcribtd in the whole 
Defcent above the Arc , deferibed in the fubfequent Afcent , 
and the Time oj one entire Ofcillation. 

L ET A B D be the whole Cycloid, B C its Axis, E B 
the Arc deferibed in the Defcent, and B F that de- 


c n 



feribed in the fubfequent Afcent; draw GHE, F^ (3c. 
parallel to AD, let S be any Place of the Body, and h R k 


Digitized by GoogI 


d 


( «9 ) 

the Diftance thro’ which it muft freely defcend in vacuo, 
by a Force equal to its fpecifick Gravity in the given Me- 
dium, to acquire the fame Velocity as it has in that Place- 
Suppofe that Part of the Refiftance, which is uniform, to 
be to the Force of Gravity, as m to I ; and let d be the 
Space over which the Body muft move with its Velocity 
uniformly continued, to meet with a Refiftance from the 
other Part, fufticient to take away its whole Motion ; or, 
which is to the fame Effedt, let d be to the indefinitely 
fmall Arc S», as the whole Motion of the Body at S, to 
that deftroyed by the Medium in moving thro’ S n\ cal- 
ling BD, b ; B E, a ; R b, z ; ES, x ; S n, x. Now, the Force 
of Gravity being reprefented by I, that Part of it whereby 

the Body is accelerated, at the Point S, is “ - 6 - (= : 

And, by the preceding Lemma , we have, as d : 2 2 : : 1 ; 
— for the latter Part of the Refiftance, or that in the dupl!- 

a 

cate Ratio of the Velocity which being added to the 
former Part, and the whole taken from gives a -^dL — 

m — — * for the whole Force whereby the Body is accele- 

d 

rated at the faid Point : Therefore the Velocity, there, being 
known to be, as 2 z, that generated in -JL the Time 

of deferibing S n will be defined by — m — x 
-i— . j which muft therefore be equal to, —==, , the Fluxion 

V 2 2l ^ 2J6* 

or Increafe of, \/ 2 z, the aforefaid Velocity : Hence, we 
have ~L __ m — yy = > which, by writing e inftead 

X of 
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of a — m b, &c. becomes — - -f- VL -f- 4 equal o ; 

from whence, by folving the Equation, z is found = 1 - — 

b 


44 - 2 <* i 111 

— X x‘— -T7 


4 * 


8 a- 5 


£fc. 


3 4^* j 4-S^ 3 * ^ r » P ^ 

put for (0.367878) the Number, whofe hyperbolical Loga- 
rithm is — i, = 1 — P~T * — Tb ' ^ ut when the 

Body arrives at F, the Hight of its Afcent, z, or its Equal 


e x 

T 


<i+i 7 


: b d 


x 1 — -f- 7~fjT » becomes equal o ; 

which Equation folved, gives *=2f - ill + , &c. 

* • 3 d 9 ,i 1 

= E B F ; therefore FG is = 2 * — 2 c -+- ill ' l ' 1 & c . 

id 9. id * 

= 2 mb Sr , &c. (by refuming 2 mb inftead of 


its Equal 2 a — 2 e j) which, becaufe m and -f are fuppo- 
led very fmall, will be 2 m b -+. i -1 1 very nearly. E. I. 

3 “ 

Moreover, fince the Time of deferibing the leaft poffi- 
ble Diftance S», is as — by fubftituting therein the 

2 z. 

Value of z, as above found, we /hall have 



~b bT~ x 


-LL- - x + l±l- _LLL, «*.| 

i* i‘‘ 3 4 * 

* >" d 


3 -f^ » w ‘'- 1 ’ +\* 

1 for the Fluxion of the requi- 


red Time : But, becaufe — -77 — x -f- , &c. the Square 

3 d 


>+ d 


of the Divifor of the latter Part or Fadtor thereof, when x 

becomes 


Digitized by Google 


( 7 * ) 

becomes = 2 e — ■+■ ~T> & c - a PP e ars, from above, to 

be equal to Nothing, if r be put to denote the Value of 2e — 
-f- &c. or the Root of the Equation, it is manifdl 

that — r ^7- — r— 77 will alfo be equal o, and 


confequently r — 


, &c. = 


which 


■+T 


being fubftituted inftead thereof, our faid Fluxion will be- 


come 


4 * 


,73‘x-i '~T7+r^7’ + 


3 " 


b * 


' +T * X *‘ r — .r in i — 2 X + 4 X &c. [ 

r-f-x rr-l-rjr-l-.r .a r |— J 

J “ 2 x T 7 - + 4 X — y, t*. I , 


, I _I • 
4 1 x * jr 


into 


X<-— 


and laftly, by converting i — 2 x ~TT> & c - I * into a ra- 


tional Series, equal to 


4 ?. 


l+ LL\'Xr- x 
1 


. r-L* r , 

— into 1 -4- 4- — - 

#■ ~ 3<T.~ 6 dd 


Gfc. Now, the Fluent of -JL — ( = — x ... ) when x 

is = r, is known to be equal to the Periphery of the Circle 
whofe Diameter is Unity ; wherefore, if that Periphery be 
put equal />, the required Fluent of our given Expreflion 

X 1+ ~ 0 c. will ihcn appear 




to 
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to be — i~- - r x I-f " yj •" 777/ » from />. 118. of 




« + t‘ 


my Book of Fluxions ; which, by reftoring the known 

Value of r, will become p b l x I -f- ~l xi 4 - — 

4 4 3 4 </’ 

Off. = p b x 1 T+ 77/ ' i ^ i » ■ ■ X i -I- 7— "77 

£?c. = ^i l x 1 + — yrr. ©<r. and this is) it is mani- 

feft, as the Time of one entire Ofcillation. E. I, 


C O R O L. I. 

W HEN d is infinite, then F G becoming barely equal 
2 mb, it will be as 2 b : F G : : 1 : m : Hence it 
appears, that the Excefs of the Arc deferibed in the whole 
Defcent above that deferibed in the fubfequent Afcent, when 
the Refinance is uniform, is to twice the Length of the Pen- 
dulum, or DBA, as the refilling Force, to the Force of 
Gravity. 

* 

C O R O L. II. 

B UT, when m is = o, or the Refiftance barely in the 
duplicate Ratio of the Velocity ; the faid Excefs will 
be in the duplicate Ratio of the Velocity, or Arc deferibed 
nearly. 

C O R O L. III. 

I F m be confidered as negative, or the Pendulum, inftead 
of being refilled by an uniform Force, be accelerated 
thereby, fo as to continue its Vibrations in the fame given 

Arc; 
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Arc; then, fince 2 mb -4- -^7- (= FG) becomes — o, — m 

will be = -**J : And, therefore, it is manifeft, that the 

Force, which adling uniformly on the given Body, is 
fufficient to counter-ballance a Reiiftance in the duplicate 
Ratio of the Velocity, or to keep it vibrating in the fame 
given Arc, mutt be to the Weight of the Pendulum, as 2a a 
^bd nearly : And, therefore, the Arcs, which a given Pen- 
dulum fo adhiated, will continue to defcribe, by different 
Forces, will be nearly as the Square Roots of thofe Forces. 

C O R O L. IV. 

W HEN both m and ~ are equal to nothing, that is, 
when the Ofcillations are performed without Re- 

fiftance, the Time of Vibration will be barely pb'\ which 
is to the Time, wherein a Body freely defcending from Reft, 
would fall thro’ C B, Half the Length of the Pendulum, as 
the Circumference of a Circle, to its Diameter. 


C O R O L. V. 


M OREOVER, when only is = o, or the Refif- 

' tance uniform, the Vibrations will, *.lfo, be Ifochro- 
nal, and performed in the very fame Time [as if the Pen- 
dulum was not at all refitted. 


C O R O L. VI. 

B UT if to be equal to nothing, or the Pendulum be 
refitted, only, in the duplicate Ratio of the Velo- 
city ; the Time of Ofcillation will then be p b 1 x 

U 1 + 
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C 3 c. Therefore, the Excels of the Time 

of one whole Vibration, in a Medium refilling in the duplicate 
Ratio of the Velocity, above the Time of Vibration in the 
leaft Arc poflible, is to the Time of Vibration in this Arc, 

as ih — &c - t0 Unit y i or » becaufe -7 is very 

fmall, as to 1 very nearly: Hence it fliould follow, 

that the faid Excefs, is in the duplicate Ratio of the Arcs 
very nearly, I fay Jhould follow , becaufe J know very well, 
that Sir Ifaac Newton, Princip. Prop. 27. B. II. makes it 
to be, nearly, in the fimple Ratio of the Arcs : This I 
confefs had made me more .than a little fufpedt, that I might 
have here fallen into an Error ; and yet upon re-examining 
the Procefs with more than ordinary Attention, ,1 have not 
been able to difeover any Miftake therein committed ; but* 
if any fuch ftiould occur to my Readers, I ftiall readily ac- 
knowledge my felf obliged for the Difcovery. 

• SCHOLIUM. 

I F inftend of a Cycloid, the Ofcillations be performed in 
a Circle, the above Conclufions will ftill hold, provided 
the Arc deferibed be but fmall ; excepting thofe that relate 
to the Time of Vibration, which is fhortned or prolonged, 
independent of the Refiftance, from the particular Nature of 
the Curve, according as a fmaller or greater Arc is deferibed. 

But, if to the Time pb ‘x x + C 3 c. found as 

above, be added the Excefs of the Time of Vibration in 
the Arch a , of a Circle whofe Radius is b, above the Time, 
in the leaft Arc poflible, which, by p. 140. of my Book of 

■Fluxions, 
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Fluxions , \s pb l x-^-z, &c. we Hull then have /><$• x - 

I _i — — 1 — ±L, Gfr. for the Time of Ofcillation in the 

Arc a of that Circle nearly. Hence it will not be difficult 
to determine, how much the Times of Vibration, in fmall 
Arcs of Circles, are increafed or decreafed from the different 
Weights of the Atmofphere. For, if the Force by which 
the Pendulum is kept in Motion, be always the fame, the 
Arc deferibed, by Cor. III. will be as \/ bd, that is, in the 
fubduplicate Ratio, inverfely, of the Denfity of the Medium, 
or Height of the Barometer : Therefore, if b be put for 
the Height of the Barometer, at the Time when a given 
Arc c is deferibed, the Length of the Vibration correfpond- 

ing to (y ) any other Height thereof, will be this therc- 

fore being fubffituted jnftead of a , and dLL- jnftead of d, 

in the above Expreflion, gives pb ' : x i -f- ~L J-il> (Sc. 
for the Time of Vibration corcefponding to this laft Height ; 

t - ■ - ■ — 

which, when y= t, is pb l x x H — -7-7* &c. therefore 

the Difference of the Times of Vibration anfwering to 
the two Heights of the Barometer h and y, if n be put equal 

b \ * 

to the Difference of thofe Heights, will be - — L-lx 

y 

— ^d —. d , &c. nearly, excepting by fo much as it is varied 

thro’ the different fpecific Gravities of the Pendulum, (Sc. 
in a rarer or denfer Atmofphere ; which is cafy to be com- 
puted. However, after all, it is not to be fuppofed, that the 
Alteration in the Time of Vibration, above Ipecified, will 

happen 
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happen immediately upon the Rife or Fall c! the Mercury; 
becaufe the Pendulum, thro’ its vis inertia \ will be fome 
Time before it can be brought to perform its Vibrations, 
either in a greater or fmallcr Arc : And, mde d, the Alte- 
rations, both in the Time and Arc defcribed, from the above 
Caufe, are fo fmall, when compared with thofc arifing from 
Fri&ion and Expanfion, as fcarcely to come under the niceft 
Obfervation. 


PROPOSITION III. 

Suppoftng that a heavy Body, ofcillating in a Cycloid, is refifled' 
by a rare and fimilar Medium in the Ratio of a given 
Power of (n) of the Velocity, to Jind the Excefs of the Arc 
defcribed in the whole De/cent above that defcribed in the 
fubfequent Afcent , and the Number of Ofcillations that will 
be performed before any other given Arc is defcribed, 
or the Pendulum has loft a given Part of its Motion. 

L ET A B D be the whole Cycloid, B C its Axis, E B 
the given Arc defcribed in the firft Defcent, B F that 
defcribed in the fubfequent Afcent, and FG the required 


C D 



Difference of thofe Arcs ; and, fuppofing the Body to be 
arrived at any Point S, let its Velocity there be the fame as 

it 
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it would acquire in freely defcending from Reft thro’ the 
Arc eS by an uniform Gravity equal to its fpecifick Gra- 
vity in the given Medium ; and let d be to the Length of 
the Arc B D, as the faid Gravity to the Refiftance, which 
the Body would fuffer with the Velocity that it 
might acquire, from that Gravity, by freely falling thro’ 
CB : Draw EHG, SR, (fc . parallel to AD, and let 

b, a , A', and z, ftand for BD, BE, Be, and BS refpedtively. 
Therefore, the Velocity acquired in vacuo, being in the fub- 
du plicate Ratio of the Diftance perpendicularly defeended, 

RT| I , or its Equal v/ A — zz ( from the Property of tlie 

Curve) will be as the Velocity at S ; and therefore ~ ' 

the Fluxion thereof, as the Increafe of that Velocity: But, 
this Increafe depends upon two Caufes the one, the Force 
of Gravity, and the other, the Refiftance of the Medium, 
If the Medium did not refift, A would be conftant, and 

therefore the Increafe of the Velocity barely as -■ ~~ 

v A ; — * z * 

wherefore, the other Part, arifing from the Refiftance, mud 
be as ~ A - . and, confequently, the refilling Force of the 

s/ A — sz 

Medium, to that Part of the Gravity by which the Body is 
accelerated, as ■ . * A — : r or, as A to 2 z z : But 

V A — as v' A — XX 

this Part of the Gravity being to the whole, as z to b, by 
the Property of the Curve; the Refiftance will, it is mani- 
feft, be to the fpecific Gravity, as A to 2 bz. Moreover, be- 
caufe the Velocity, at the fame Point S, is to the Velocity 
which would be acquired by freely defcending ('as above) 
along BC, as \/ A — zz : b ; the Refiftance, with the for- 
mer of thofe Velocities, will be to the Refiftance with the 

X latter, 
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latter, as A — zz\ 2 to 6" , or, as A ^ to b ; and, con- 
fequently, the Refinance at S, . to the Force of Gravity, 

* n 

as - — 7 ■ - — to d : Wherefore, it will be as — ~ z 1 1 ■ : d :: 

b n ~ l t * — » 

A : 2 6 z ; whence — — * xA r^ , f r0 m which Equa- 

tion A may be determined by the known Methods of in- 
finite Series, &c. be the Medium what it will : But, in a 
very rare one, fuch as is fuppofed in the Proportion, the 
Thing may be, otherwife, much more eafily effected. For, 
then E e, being, at its greateft, exceeding fmall , a a 

zz , may, without fenfible Error, be fubftituted in our 

• 

Equation for A — zz •, which done, we have equal 

ft 

z x T.~ *!r ~ : And then the Fluent of the latter Part 

thereof, when z is equal a, and n an even Number, will 

be found to come out - — into— x— • X — x — » 

Jb*—* 3 5 7 9 


&c. to — Factors ; and when z equal a, and n an odd 


Number, 


equal to 3 


in 



&c. to Factors ; from which two Exprefhons, the Flu- 
ent of the faid Part, in any intermediate Cafe, where « is a 
Fraction, may, by Interpolation, be nearly obtained : But, 

— the Fluent of the contrary Side, when S coincides with 


B, is = , and when S and e coincide with E, equal 

BE* 


/ 


Digitized by Google 


(79 ) 

j wherefore, if s be put for the Uncia of the Fluent, 
above found, we fhall have ,a ^ - equal BE — ~ B< -.- equal 

db”— 1 2 ^ 


be + b,xbe- B j: = bf. + b,xe, whence> B , ig 

2 1 

nearly equal to B E, we get E e = jj~~ > that is in the a- 
forefaid Circumflance, when S coincides with B ; therefore 
■ 2 * ^ , the Double thereof, will, it is evident, be equal to 
F G very nearly. ^E. I 


Let x, now, be the Number of Vibrations performed be- 
fore the Pendulum is brougitf to defcribe, in its whole De- 
fcent, any fmaller Arc ( E ) : Then, fince ( E ) the Decre- 
ment of this Arc, in one entire Ofcillation, or while x is in- 


creafed by i, or x, is found to be =s - *' E - , we have E = 
J * 1 db"— 1 

2tE” 0f 2 ^ an( j therefore x = — " ; * E - j whence x = 


db ”— 1 


db' 


2 J E 1 


db” — 1 w E 1 * — a 1 ” 

• ’ X : • 

2 j n — I 


^ E.i ; 


C O R O L. I. 

T HE Difference of the two Arcs deferibed, in the De- 
feent and fubfequent Afcent, is in the Ratio of the 
ftme Power of either of thofe Arcs, as the Refi fiance is of the 
Velocity. 


COROL, 
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C O R O L. II. 

•“l^IIE Rcfiflance being in the duplicate Ratio of the 
£ Celerity, and the Lengths of the two Arcs given ; the 
Number of Ofcillations betwixt the Times of deferibing 
thofe Arcs will continue the fame very nearly, let the Cy- 
cloid, or Length of the Pendulum, be what it will. 

C O R O L. III. 

I F the Refiftancc be either uniform, or dircdtly in the 
Ratio of any Power of the Velocity lefs than in the 
fimple Ratio, as the fubduplicate, fubtriplicate, Cfc. the 
Body will continue vibrating ’till it hath compleated 

— — =• entire Ofcillations, and then will have entirely 

t>b z — a x i— » 1 

lofc all its Motion. 


C O R O L. IV. 

W HEN the Refinance is in more than the fimple Ra- 
tio of the Velocity, the Motion will be prolonged 
ad infinitum. 

C O R O L. V. 

L ASTLY, if any two Arcs of the Cycloid, or fmall 
Arcs of a Circle, be taken in a given Rati© to each 
other, the Number of Vibrations performed between the 
Times of deferibing thofe Arcs, in one whole Defcent of 
the Pendulum, will be nearly in the inverfe Ratio of that 
Power of either of the faid Arcs, whofe Exponent is lefs 
by Unity than that expreffing the Ratio of the Refinance ; 

that 
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that is, if two Arcs, A, B, be taken in the fame Ratio, as 
two other Arcs, C, D, the Number of Vibrations betwixt 
defcribing the two former, will be to the Number betwixt 
deferibing the two latter, in one whole Defcent of the Pendu- 
lum, as O— « to A »— i, or as D »— i to B ■— ». From whence, 
and the foregoing Conclufions, not only the Law, but the 
abfolute JRefiftance of Mediums may be found, by obferving 
the Number of Vibrations performed therein by given Pen- 
dulums, in lofing given Parts of their Motion. 


A new Method for the Solution of Equations in 

Numbers. 

CASE I. 

When only one Equation is given, and one Quantity (x) to 

be determined. 

T AKE the Fluxion of the given Equation (be it what 
it will) fuppofing, x, the unknown, to be the varia- 
ble Quantity ; and having divided the whole by x, let the 
Quotient be reprefented by A. Eftimate the Value of * 
pretty near the Truth, fubftituting the fame in the Equation, 
as alfo in the Value of A, and let the Error, or refulting 
Number in the former, be divided by this numerical Value 
of A, and the Quotient be fhbtrafted from the faid former 
Value of x -, and from thence will arife a new Value of that 
Quantity much nearer to the Truth than the former, where- 
with proceeding as before, another new Value may be had, 
and fo another, &c. ’till we arrive to any Degree of Accu- 
racy defired. 

Y CASE 
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CASE II. 

When there are tiro Equations given, and as many Quantities 
(x and y) to be determined. 

T AKE the Fluxions of both the Equations, confidering 
x and y as variable, and in the former colled all the 
Terms, affeded with x, under their proper Signs, and having 
divided by x, put the Quotient = A ; and let the remaining 
Terms, divided by y , be reprefented by B : In like manner, 
having divided the Terms in the latter, affeded with x, by x, 
let the Quotient be put = a, and the reft, divided by y t — b . 
Afliime the Values of x and y pretty near the Truth, and 
fubftitute in both the Equations, marking the Error in each, 
and let thefe Errors, whether politive or negative, be figni- 
fied by R and r refpedively : Subftitute likewife in the Va- 
lues of A, B, a , b, and let ^ and be convert- 

ed into Numbers, and refpedively added to the former Va- 
lues of x andy; and thereby new Values of thofe Quanti- 
ties will be obtained ; from whence, by repeating the Ope- 
ration, the true Values may be approximated ad libitum. 

Note, i. That every Equation is firft to be fo reduced by 
Tranfpofition, that the Whole may be equal to Nothing. 

2. That, if after the firft Operation, the Value of x or 
y be not found to come out pretty nearly as affumed, fuch 
Value is not to be depended on, but a new Eftimation made, 
and the Operation begun again. 

3 * 
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3. That, the above Method, for the general part, when 
x and y are near the Truth, doubles the Number of Places 
at each Operation, and only converges flowly, when the Di- 
vifor A, Ab — a B, at the fame time converges to nothing. 

EXAMPLE I. 

L ET 300* — x’ — 1000 be given = o ; to find a Va- 
lue of x. From 300 x — 3 * 1 *, the Fluxion of the 
given Equation, having expunged x, (Cafe l.) there will be 

300 3*x= A: And, becaufe it appears by Infpedtion, 

that the Quantity 300* — x’, when x is = 3, will be lefs, 
and when x=4, greater than 1000, I eftimate x at 3.5, 
and fubftitute inftead thereof, both in the Equation and in 
the Value of A, finding the Error in the former = 7.125, 
and the Value of the latter = 263.25 : Wherefore, by taking 

.027 from 3.5 there will remain 3.473 for a new 

Value of x ; with which proceeding as before, the next Er- 
ror, and the next Value of A, will come out .00962518, 
and 263.815 refpedtively ; and from thence the third Value 
of x — 3.47296351 ; which is true, at leaft, to 7 or 8 Places. 

EXAMPLE II. 


L 


ET v/ I — X -f. n/i — 2XX v/ i — 3x3 2=0. 

This in Fluxions will be — sil * — — 

2 vi — Vi — : 


I 2 X X\ 


— 9 * 1 * - and therefore A, here, = — — -' ■■ ■ 
w Vi- >1 


2 x 

V 1 — 2 x 21 


— ~ QrI ; wherefore if x be fuppofed = .5, it will become 

2\/ I— j.v 1 ! 

— 3-545 : And, by fubftituting 0.5 inftead of x in the 

given 
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given Equation, the Error will be found .204 j therefore 

— ■ ' (equal — -057) fubtraded from .5, gives .557 for 

the next Value of x; from whence, by proceeding as be- 
fore, the next following will be found .5516, &c. 


EXAMPLE III. 


X - E T there be given the Equations y -f- \/ y 1 — x* 

^ 10 = o, and x 4- \/ yy 4- x — 12 = o j to find x 
and y. 

The Fluxions here being y and *4. 

vJj — xx x 


•or y 


V yy xx 


^ yy — > 


and x 4" 


yy 


'/yy + x 'HyV- 


we have A equal — 


>/ yy — 


1 -+■ 


Sjy + 


, and b = 


yy — xx 


V ty + - 


, B equal 1 
{Cafe II.) 


vyy-Y- 


a = 


Let x be fuppofed equal 5, and y equal 6 j then will R 
equal — .68, r equal — .6, A equal — 1.5, B equal 2.8, 

a equal 1.1, b equal 9; therefore ~ ~ iR a = .23, and 
= - 3 7 > ant ^ the new Values of x and y equal to 


5.23, and 6.37 refpedively ; which are as near the Truth 
as can be exhibited in three Places only, the next Values 
coming out 5.23263 and 6.36898. 


Note, When Equations are given to be folved in this 
manner, it will be convenient, that they be firft of all re- 
duced to the moft commodious Forms, to facilitate the Ope- 
rations, whether into Fradions or Surds, or vice verfa • 
For Inftance, the Equations in the laft Example had been 

much 
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much ealier folved, had they been firft reduced, out of Surds, 
to 20 y — xx — ioo = o, and yy — x x 25 .*■ — 144 
equal o, or, by exterminating y, and working accord- 
ing to Cafe I. whereas, on the other hand, to have reduced 
the Equation, in the preceding Example, out of Surds 
(as is ufual in other Methods) would have rendered the 
Trouble of Solution almoft infuperable. 


EXAMPLE. IV. 


L 


ET 49 X* — ^, — 25x1— =0, and 81 x 


1 — 


i+jl* 

*’- 49 X 17 


Here, taking the Fluxions of both the Equations, and 
proceeding according to Cafe II. we have A equal 49 x 

CO x d <)8 x COJr 1 — 162 jr 

’ f+T’ B -^ ‘~ 7^7 


rH_ 


y" 1 try 1 » 1^2 jr* 

-4-49X -J 7W> ™ di = 7+T + 49 x x 



Suppofe x = .8, and y = .6 ; then will be found R.= .45, 
r = 2.66, A = 68, B=20.7, a — — 131, b ■= 146, and 
the next Values of x and y equal to .799 and- .582 j with 
which, repeating the Operation, the next following will come 
out 79912 and .58138, both which are true, at leaft, to 4 
Places : But, if a greater Exa&nefs fhould be deiired, let the 
Operation be once more repeated, and then the r.ext Values 
will be true to double thofe Places. 


N. B. Altho’ in fevcral Cafes it happens, that the required 
Values, from the Equations themfelves, cannot be adorned 

Z near: 
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rear the Truth without fome Attention and Trouble j yet, 
from the Nature of the Problem from whence thofe Equa- 
tions are derived, when that is known, the Trouble may be 
avoided, and the Thing effedfed without any great Difficul- 
ty : For inftance, tho' it is not eafy to perceive, that y and 

x are about ™ and in the laft Example j yet, when it is 

known, that i, x, and y, are the Sides of a Plain Triangle, 
wherein Lines, drawn to bifedf .each Angle and terminate in 
thofe Sides, are to one another, refpedtively, as 5, 7, and 9, 
the Thing then appears evident upon the firft Confideration. 


EXAMPLE V 



ET x*-f -yy — 1000=0, and xj . 100 = 0. 

Here we (hall have A = i+L : xx*', B equal 


H-L lyxyi , a = x x y -j-y* L :y, and b equal y 

xy x - f-x-’X : x. Now, it appearing from the firft Equa- 
tion, that the greateft of the two required Quantities cannot 
•be lefier than 4, nor greater than 5 ; and from the firft and 
fccond together, that the Difference of x and y muft be 

pretty large; otherwife x* -f~y could not be 10 times as 
great as x J y* \ I therefore take x (which I fuppofie the 
greater Number) equal 4.5, and y equal 2.5 ; and then by 
a Table of Logarithms, or otherwife, find the next Values 
of thefe Quantities to be 4.55 and 2.45; and the next fol- 
lowing 4.5519, &c. and 2.4495, refpe&ively. 


or 
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Of INCREMENTS. 

PROPOSITION I. 

IJ, n , n, n , n, n, a, See. be a Series of ‘Terms in a de~ 
creafng Arithmetical Progrefion, whofe common Difference 

r 

is n j and n n n . . . . x a , & Produff arifing from the 
Multiplication of any Number, r, of tbofe Terms, imme- 
diately fucceeding each other , continually together ; and if 
each of the Faff or s in this Produff be increafed by the com- 
mon Difference : I fay, the Produff it felf will be increafed 

by r n x n n x a; taken under the firfi Values of 

tbofe Quantities. 

O R, fince a, increafed by the common Difference, be- 
comes equal to n ; and n, increafed by the fame Difference, 

equal to n, (Sc. (Sc. it is manifeft, that the new Value of 
the faid Product, arifing from fuch an Increafe of its Fadors, 

will be equal to n n n .... X n , under the firft Values of 
thofe Quantities, from which taking the former, or given 

Value of that Produd, we have n n n . . . X n ~ a a n. .. 

r r — i r 

*-■* / n $it Vw" w 

X a= » a a . . . x a into a — a for the Increment j which, 

r 

becaufe the Excefs of a above a is equal to r times the 
•common Difference, will confequently be equal to r’nx 

t // m ^ 

nnn £>. E. D. COROL- 
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COROLLARY. 



/ ft t* 

I N C E the Increment of n n n .... 

r — l 

be — rn xn n ti . .. . x n , that of 


r 

x n is proved to 

r 

t it ft w 

' " " _ ; iJLl muft 

r n 


r — I 

confequently be n n n .... x n : Whence, to find a Pro- 
duct of this kind from its Increment given, the following 
Rule is derived, i. e. Increafe the Number of Fadors, by 
annexing to them the next inferior Term of the Progrcflion, 
and divide the whole by the Number of Fadors, thus 
increafed, drawn into the common Difference. 

i — i 

Note, That n ftands for the Term of the propofed Pro- 
greffion, whofe Diflance from n is r — i, when on the de- 
fending Side, and n when on the afeending Side i the like 
/ 1 

is to be underflood of any other. 


EXAMPLE I. 

L ET a Produd or Quantity, expreffing the Value of 

1+2+34-4+5-4- n be required ; or, which ia 

the fame in effed, let it be required to find an Exprefiion 
fo affeded, that increafing n by 1 (or writing therein n+r 
mftead of ») it fball be augmented by «+l. Then, if 

n, n, n, &c. be affumed for a Series of Numbers in Arith- 

V 

metical Progreflion, whofe common Difference is 1, accord- 
ing to the above Notation, we fhall have n equal to the gi- 

ven Increment in this Cafe - y to which annexing n, the next 
inferior Term of the- Progreffion, and dividing the Produd 
( nnj by (2) the Number of Fadors, drawn into the com- 

mon 
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mon Difference ; there comes out { n n, or — 1 y -- , which 

t 2 

is equal 14-2+3+4-1-5 . . . + », the Value propofed. 
EXAMPLE II. 

L E T it be required to find the Sum of a Series of Cubes, 
as 1+8+27+64+125, Put n for the Num- 
ber of Cubes to be taken, S their required Sum, and S the 
next fucceeding Cube of the Series after the laft in S, or the 
Increment of S that will arifc by augmenting (n) the Num- 
ber of Terms by Unity : Then, becaufe 1 is equal to the 
Root of the firfi Term, and alfo equal to the common Dif- 
ference, the Root of the Term S, it is manifefl, will be = 

w+i ; or, if n, n, n, n, &c. be put for a Series of Num- 
bers whofe common Difference is 1, equal to wherefore 
S is equal nnn. But to bring this Value of S to the Form 

t t t 

of the Propofition ; inftead thereof, let its Equal n — 1 * 
»XB+ 1, or »««+« be fubftituted ; then S, according to 

/ n • 1 


ft n n n n n 

the Rule, will be — - h — where, for « n, writing its 


Equal nn — 2, it will become 




A a E X A M- 
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EXAMPLE III. 

O find the Unciae of a Binomial raifed to a given 
1 Power. 

Let c -(- b be the propofed Binomial, n the Exponent of 
its Power, and let B, C, fife. be the required Uncia;, or } 

which is the fame in effett, let a-\-b^ n be = a " -j- B a ' 
xb+Ca ”~ 2 b z + Da"~ } b\ fife. 

The Equation multiplied by a -+- b becomes a -\-b x "^ rl — 

a T \ a b + B Jrf b + c $4 b , + D y« i b s &c 


wherefore, becaufe the Unciae of the Power, whofe Exponent 



it is manifeft, that the Values of B, C, D, fife. are fuch, 
that incrcafing («) the Exponent by Unity, they will be 
increafed by i, B, C, fife. refpedtively. But the Increment 
of B being = i, the Value of B, or Increment of C, will 
be = n ; and therefore C, or the Increment of D, equal to 

— •, therefore D equal to ; therefore F equal to ” ” " 

/ « m 

Sfe. fife, where n, n, n, fcfe. ftand for n — I, n — z, n — 
Cfe. refpedively. 


PROP. 
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PROPOSITION II. 

• / 

Suppojing «, n, », n, n, & c. to be as in the laft Propofition : 
I fay , if each Factor in the Denominator of the Fraflion 
» x " x " x * ■ * be di mini fed by the common Difference , 

t it m ^ 

. r — l 

the Fraction it felf will be increafed by — 

/ 

n n n n . . . . n 


POR, fince n, dimmifhed by ,h= common Difference, 

becomes equal to n ; and n, diminifhed by the fame 

Difference, equal to «, &c. the new Value of the faid Frac- 
tion, arifing from fuch a Diminution of its Fattors, will, it 

is evident , be equivalent to '■ t under the firft 

n 

* " 

r — 2 


or given Values of thofe Quantities ; and therefore the In- 
creafc thereof muft be — — equal to 



ft 


1 


nn h . ... 

» m 


n 




to 


r — i 
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t — 1 r— i 


D. 


becaufe n — » equal to r n. ’ 



w 


COROLLARY. 
HEREFORE, the Quantity, or Fraction, whofe 


Increment is 


being 


r. ft n n . 
• 00 


tt n n n . , , . n 

0 09 09 0 * 


, the 


Quantity whofe Increment is 


mull confequently 


be 

r n X n n * • • • n 

0 0* s ' — s 


Whence to find the Value of a Fradion 


of this kind, from its Increment given, there arifes this 
Rule. Strike out the leaft Fador in the Denominator 
of the given Increment , and inftead thereof put the 
Redangle of the common Difference of the Fadors into the 
Number of remaining Fadors ; the Refult will be the Va- 
lue that was to be found. 


EXAMPLE. 

T* E T it be required to find the Sum of the infinite 
^ Series — + — + — 4. ’ or one f in gle Frac- 

tion 
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tion (if poffible) that fhall exprefs the Value of, &c. ~ 
x J_j. J-, Here, if the required Fraction be confidered 

3-4 2 i 

as made up, or generated by a continual and regular Ad- 
dition of the Terms, &c. -f- , -f- , +- of the propofed Se- 

ries, then — - being the next fuccceding Term of the Pro- 
greffion, or the Increment of the faid Fradtion, the Fradtion 
it felf, by the foregoing Rule, will be = 777“^ = 7- 
In like manner will be found 


_I_ + _L + + -L, = i. 

1 * 2.3 3 4 4 5 

+ &c. = J-. 

x.2-3 2 3 4 3 4 5 2 2 

, . 1 : . . - . 

1 ,1, 1 FJ r — 1 

77J7 + I-J.TI + 3 4-30* ^ -*33- ■ 


! 


1 . 2 . 34.5 


2 3.4. 5.6 

I 


— ' &c. =- L -- 

3 - 4 - 5 -°-/ . 2 -2‘* 4 


■ j 1 _ 1 

1.2. 3.4. 5.6 * 2. 3. 4.5.6. 7 345.6.7.8* ,* 3 »+- 5 - 


N. B. That in finding the Value of any Quantity by 
the Methods foregoing, it ought to be well confidered, from 
the Nature of the QueftionJ whether that Quantity confifts 
barely of fuch Fradtion, Produdt, or Frodudts* as are fpe- 
cified in. the Propofitions, or thofe joiqcd to fame invaria- 
ble Quantity (as is done in Fluxions) and Allowances is 
to be made accordingly. 

* 1 

, t . •• *1 i #• - f.* 1 J#* t 

, :'i . B b . . ! • ; , An 
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An hrcejligation of Sir Ifaac Newton’r Theorem for finding the 
Sum of a Series oj Numbers by means of their Differences. 

L ET a, b, c, d, e,f, g, h, Cdc. be the given Series of 
Numbers : Then, by taking each of them from the 
next fucceeding, there will be — a-\-b t — b-\-c, — c-\-d, 

d-\-e, — / 4 -£» for the firft Differences: Again, taking 

each of thefe Differences from its fucceeding one, we have 

a zb-\-c, b — 2 c-\-d, c—zd-\-e, d—ze-\-f , &c. for the fe- 

cond Differences. In like manner the third .Differences will 
be found — 3 f + 4 — 1 > + 3 c — 3 <* + e > — c + 
2d — 3 &c. and the fourth, a — ^b-\- 6 c — 4 d-^-e, 

b — 4c-}-6</— 4^ -\-f, &c. £sV. Let the firft Difference of 

the firft Order be called D, the firft of the fecond Order D, 

the firft of the third Order D, &c. then we fhall have a = a, 

b=za-\-D,c = — a -f- 2b 4. D, d=a — 3^-f 3<r-l-b, &e. 
and from thence by Subftitution, 

a — a 

r= a-\- 2D + D 

d= a + 3 D 4- 3 D -f D 

e = a 6 D ^.D -\- D. 

where the Law of Continuation is manifeft, the Unciae of 
the Values of c, d, e , &c. being thofe of a Binomial, raifed 
to the fecond, third, fourth Powers, &c. Therefore, if n be 
put for the Number of Terms in the propofed Series a -\-b 
-\-c + d, 0 fc. whofe Sum we arc about to find, the Value 

of 
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of the nevt Term in the Progreflion after the laft in that 
Series, or that whofe Place is defined by w-J-i, it » 


plain , be equal to a » D -{- « x " — - D + n x x 


— - D 4 - n x -7- x ~ x D, Gfc. And fo much will 

the faid Sum be increafed by augmenting », the given Number 
of Terms by Unity ; which Sum, therefore, by the firft of 

the two foregoing Propofitions , is na-\-n x D-j-nx 77 x 

^D + »x~x~x"-^ D, Gftr. £.£./. 


EXAMPLE. 

S UPPOSE a, b, c, d, &c. to be a Series of Squares, 
as 9, 16, 25, 36, G?c. whofe Roots are in Arithme- 
tical Progreflion j then will the firft Differences be 7, 9, 1 1, 
13, fcfc. the fecond, 2, 2, 2, the third, o, o, &c. £?c. 

Therefore a = 9, D = 7, D = 2, D = o, D = o, and 

confequently n a -f- n x D, Gfr. equal 9»-|-»X^" xy 

+ n x 77 X x 2 = 9 -{- 16 -f- 25 + 36 -f- 49, GV, con- 
tinued to n Terms. 

In the fame manner the Sum of a Series of Cubes, Biqua- 
drates, &c. may be found. 


* 




An 
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An .cafy and general Manner of inveftigating the 
Sum of any recurring Series. 


PROPOSITION. 

Suppofing p, q, r, s, &c. to be any Quantities , either poji- 
tive or negative , and A-f-B-f C-j-D-f-E, &c. a recurring 
Series, or one ivkcfe Terms A, B, C, &c. are fo related, 
that any one of them, being multiplied by p, the next follow- 
ing* b ?> { i je m ' xt tn Order, by r, 6cc. the Sum of all the 
Produffs, thus arijmg , Jhall be equal to o : To find (x) 

the Sum of fucb a Series. 

B ECAUSE, by Suppofition, p A qYl +\-r C, (Sc. 

is equal o, p B + jC + rD, (Sc. equal q, pC 4-?D 
-j- r E, (Sc. equal o, (Sc. (Sc. it is evident, tl) 4 t the Sum of 


all thefe, 
or, 


f p A q B -{- r C -J- iD, &c. "1 
p B ^-yC + rD-fjE, (Sc. 
pC -f y D -|- r E -f r F, (Sc. 
^D-f-yE-frF-f-rG, (Sc. 
p E -f j F -}- r G -{- j H, (Sc. 
(Sc. (Sc. (Sc. (Sc. (Sc. J 


mull confe- 
^ quently be 
equal o. 


Where, becaufe A + B -+■ C +D, &c. is = x, B-f-C-j-D, 
(Sc. = x — A, C-f-D + E, (S c . = x—A — B, (Sc. (Sc. the 
Value of the firft Column towards the Left-hand will be px-, 
that of the fecond, qx a:— A; that of the third, rxx — A — B; 

that of die fourth, sxx— A— BZTC, (Sc. (Sc, and therefore 

px 


A 




Digitized by Google 


( 97 ) 


px -\-qy x — • A -f- r x x — A — B-H f X x — A — B — C ,&c. 

or px+qx— j>A-j-rx — rx A + B -\-sx— jx A -|-B-f-Ci 

i_ *A+rXA+B+/X*+B + C+/XA+*+C+ D 

&c.=Oi hence x=l~I /+f+r+< + ;.p" - . 

G?<r. 

EXAMPLE I. 


L ET the Series ay +y' + 9e. (= x) be propofed, 

where p equal — y , q — a, r — o, f = o, Gff. A=<i_y, 
B Gfo, then will x _ - f - ^ ^ ■ L — » become 
in this Cafe. 

EXAMPLE II. 


J ET ,-J T + J'- 
— * p — q = 2Z*, r=z t , 

being = i, B = — Ofr. 

here become i *^7,V + - | . 


^ • = *> whcre 

s — o, t = o, Gff. Then A 

fA + rXA + B, ( = * ) will 
/ + ?. <*■ V 



Cc 


PROP. 
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A Method for finding the Sura of a Series of 
Powers, &c. 

PROPOSITION 

To fnd the Sum of any Series of Powers whofe Roots are in 
Arithmetical Progreflion , as 

m + 3 ^ • * , m, d, and n, being any Num- 

bers wbatjoever. 


y ET Ax 


» + « 


Ex 


»— 3 


Fx 


. Bx' + C/~' 

»— 4 


D 


* — * 

x _J_ 


> — K, if poffible, be al- 
ways equal to V ^+T7' . x " and A B 

C, &c. determinate Quantities: Then, if any o’ther Num- 
ber in the Progrclhon « -+- d, m + 2 d, m + 3 d * , d , 

Jf + 2 V + 3 ^ as be fubftituted inftead of 

.v, t he E quality will Rill continue; and we fliall have 

Axx-W 1 +B x ^+7| *+C X 

&c - _ K equal ~m~+f " + Z+JJ I * from 

which ta king th e former Equ ation there remains Ax^fT ^ 1 


-a; 1 + ‘ + B x Af-f _.v' + c x L* 

= x-H/r fcewing how much each Side is increafed by aue - 
menung the Number of Terms in the given Series by Uni- 
ty; where, by tranfpofmg ’, and throwing the feveral 
Fovvers of x -4- d into Series, we have 


n — . i 


,&c. 


Digitized by 
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From which, by equating the homologous Terms, A will 

come out = , B = 1»C=~, D=o, E = — 

»yi— iX»- p __ o G _ »X»— iX— -»X— -3 X — 4 X«/» 

2.j. 4 5 6 * ’ 2 -3 4 S 67 6 

H = o, £?c. wherefore the Values of A, B, C, G fc. being 

* 

fo affigned, the whole Exprefiion, or its Equal — x-\-d 1 
4-Axx + ^i" + ‘~jr' , ' + '‘-hBxje^r 2 r — x”, &c. msft 


be equal o, and confcquently Axx-j-r/' — x '*'* -j- 


.* + * 


Bx*-j-</' — * , &c. 5 : x -f- d j that is, let x and n be 

what they will, the forefaid Increments of A x"~' -f-B x" -J- 

Cx * , &c. — K and m , Q'c. will, un- 
der the above afligned Values of A, B, &c. be equal to 

one another : Therefore, if K be taken equal A | 

ft ft 1 

Bm Cm , &c. fo that when x equal m, or the pro- 

pofed Series is equal to Nothing, A*'"*"' -f. Bx", __ 
K may be alfo = o, it is manifeft, that thefe two Ex- 
preflions, as they are increafed alike, will, in all other Cir- 

cumftances, be equal ; that is, let x be what it will Ax” + ‘ 

-+• B x -f Cx ' -f Dx" *, &c. — A m” + ' — Bm " 

— Cm” 1 — D m”~ 2 , &c. under the faid Values of A, B, 
C, Gff. will be always equal to m + d^ -j- m +T^‘* + 

- - — ■■ j ft ft * 

rn + 3 d\ ...x } which Values being therefore fubftituted, 

dnx 1 »v» — iVn — iJ i x K ^ 


there will be 


»t'X^ 


+ T- + 


3-4 


. »X»— iX»— 2<1 
2 3-4S- 6 


+ 
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wX»— tX»— 2X»— tX»— 4- J ^ ”~*5 »X»— 'X«— 2X»— 3, faff. y ? ^"“T 

+ 2.3 45.6.7.6 * 2.3.4 5.6.7.8.5.6. 


»X»— iX»— zX» 


— 3X*— 4X»— ;X»— 6X«— 7*»— 8 j 9 " 9 r ■> 

.3.4.5.6.7.8.9.1112. ** * ,Cr. 


m w n d m" * . »X»— I v »— * v, jJ » — 3 *»j„ 

- — r— r — 1- 7 x « »J , K3C. 

»+>X^ Z 3 4 ^ 2.3.45.6 * 

= m -f- d\ " + m -+* 2 + 3^ i * * * 

<£.£. /. 


*r — I 


C O R 0 L. I, 


H 


ENCE, if«bea whole pofitive Number, and m be 
taken equal 03 then all the Terms in thefecond Series 

»+• n , . I 

* + 1 X </ " r 


3 4 


&V. vanilhing when » is 


even, and all but that where the Exponent of m is no- 
thing, when odd, we fhall, in this Cafe, have d" +id r 
-}- 2d\' 4JI" x * barely equal to 


v+.x^ 


+ 


* 1 ” Jx ” * X * 1 X' — z J* * , £?<:. the firft Series 

2 ~ 3 4 * 3 4-5-6 

continued ’till it terminates, provided that the laft Term, 
when n is an odd Number, be rejected. 


C O R O L. II. 

W HEREFORE, by taking^ equal to 1, and rt 
equal to 2, 3, 4, 5, ©V. fucceflively, we have 




l 
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i +2 - 4-3 +4 + 5 •••- 4 -*’ = — +— 

2 2 

i 1 +2 i -4-3 , +4 , + 5*- • • +** = "+—+-T 
1 ■+■ 4 3 -H 5 3 * • • = — + — - + " 

*r z 

r + 4 4 + 5 4 ---+* + =Y + v + T“ 

i s -4-2 s + 3 5 +4 s + 5 s ^ JfS = T-+ f f + “-l 7 

J 6 +2 6 + 3‘+4 +5 6 *--+^ 6 =^+^+t~T- + ^ 

&c. (ft. 

c o r o l. in. 

M OREOVER, if d be taken equal to i, and m 
equal to i , our general Equation will become 

n n n n Jr *4" 1 . x n , nx M ~ 1 1 

2 - 4-3 - 4-4 • •••- 4 -* — a+I +“ I" 3+ > ' »+‘ 

JL 7 y — 'X— :» # each Side of which being 

i 3.4 ‘ i J 4-5 ' 6 

increafed by Unity, and the whole multiplied by d gives- 

L . 


r +rr +ji'" +Td'" +w’=d’ i 


into 


r " + 1 

TfT 


t" »x*~ l It X n — 1 X »— 2 *” 3 

i "T 


3-4 


2-3 4 5 6 


, , 0 ?e.-^ r+ 4 -^ 


-f. 1 , &c. 

3 4 *-3-4J 6 


L 


EXAMPLE L 

ET it be required to find the Sum of a Series, con- 
fifling of ioo Cube Numbers, whole Roots are,. 

I, -j-, 2 , -f , 3 . & c - 

Here 
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Here d, the common Difference of Roots, being equal — 
n — 3, and x = o, let thefe Values be fubftituted in the E- 
quation in Cor. II. and it will become ( in, “ 4- 

i£i’ =s J 3187812.5 , the Number that was to be 

found. 


EXAMPLE II. 

L ET « = - 4 - , d = -i- . Then the Equation in the 

-TV TV T* * ti * 
laft Corollary will become -j- -\ — — -| — — . . . -f- — - 

= -ii 1 x * x — * 4- — 4 1 > ©*<■• — 422 . very nearly j. 

4 * 3 ~ i 1 24 X * x *9 2 ° 3 3 * 

1 i 1 

fo that, taking * equal 4, it will be — 4 -f- -JL 

444 

4 - 1 = 3 .0731 3 which differs from the true Value by lefs 
than ; and if more Terms had been ufed, the Anfwer 
would ftill have been more exadt ; but never can come accu- 
*rately true, when n is negative or a Fraction, becaufe then 
both Series run on ad infinitum. 

SCHOLIUM. 

T H E Theorems, above found, are not only uleful 
in finding the Sum of a Series of Powers, but may- 
be of fervice alfo in the Quadrature of Curves, (Sc. efpe- 
eially as the Conclufions will be accurately true, and the 
Reafoning thereupon fcientific. 

This 
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This I (hall endeavour to (hew by the following Inftancc -, 
wherein A C, being fuppofed a Curve, whofe Equation is 

y - z" (AB being equal z, and CB equal y) the Area 
ABC is required. 



.Let A B be divided into 
any Number, x, of equal 
Parts, as A b, be, cd, 
and from the Points of Di- 
vifion let Perpendiculars be 
raifed, cutting the Curve in 
the Points, i, 2, 3, &c. and 
having made pi, qi, ry,, 
*4, &c. parallel to A B, let 
the Bafe A b, be, cd, &c. 
of each of the Rectangles pb, 
qc, rd, &c. be reprefented 
fife, the Heights of thofe Red- 


angles, being Ordinates to the Curve, will be d , 2 d\ , 

JZl *> refpeCtively, each of which v being multiplied 
by d, the common Bife, and the Sum of all the Products 


taken, will give d into d ' -|- 2 d\ " -f- 3 d [ " . . . x d* m ^ 
(= A p 1 q 2 r, C£c. C B A ) for the Area of the whole cir- 
cumfcribing Polygon ; and this Series, according to the above- 

faid Theorem ( Cor. III.) is equal to d"+ l in, *— 


&c. = -+• ■ , (sfc. or, becaufe dx = z, it will 

bc= h , £?c. Now, if from this the Diffe- 

rcncc of the Infcribed and clrcumfcribed Polygons, or the 
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H ( 

Re&angle BD = </a” be taken, there will remain ~^- +T - 

__ for the Area of the inferibed Polygon. Hence, it 

is manifeft, that, let d be what it will, the inferibed Poly- 
gon can never be fo great, nor the circumfcribed fo fmall, as 

51 ^ 1 !. ( — A n * 1! c 'j : And therefore this Expreflion muft 

be accurately equal to the required Curvilinear Area A C B. 


Of Angular Sections, and fome remarkable Pro- 
perties of the Circle. 

PROPOSITION I. 

The Radius A C, and the Chord , Sine, or Co-fine of an Arc , 
as A r, being given ; to find the Chord, Sine, or Co-fine of 
A R = m x A r, a Multiple of that Arc. 

L ET R II be taken = A R, and the whole Arc A II 
be divided into as many equal Parts, A r, r f &c. as 
there be Units in 2 m ; and the Chords B r, B f &c. are drawn, 
as alfo the Radii C r, C R, C H, and the Perpendiculars 
rp, RE; calling AC, 1 ; B r, y, C p, x-, C E, X j rp, t 

u ; R E, U ; A r‘,2; and ML' = Z : Then, becaufe 

any one of thofe Chords, as By’, is to B r -f- B R, the Sum 
of the 2 next it, as BC to Br, by a known Property of 
the Circle, we ftiall have y x B/ — B r B R, or y x B/ 

— B r = B R j and for the very fame Reafon, yxB R — B/ 

= B^, and yxB^ — BR = BZ>, &c. &c. Hence, it ap- 
pears, that the Values of the Chords Byi BR, (sc. (which 

Ee to 
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to a Radius equal A B, will be Co-fmes of the Angles A B f r 



A B R, GV. ) may be readily had one after another, by ta- 
king continually the Produdl of the laft by y, minus the laft 
but one, for the next following : And thus are had. 



• /•— 2 = b/; 

-y 3 — zy= BR > 
y*— 4y 1 +-2 = Bg, 

y s —sy 3 + sy = Bb > 

y 6 — f>y*-\-9y * — 2 = BH, 

• . < (Sc. :c (Sc. 

‘i : ;• 

I. j y .■ T 7 • - ' r < • - 

And generally, fuppofmg A y ~ 1 — B^"~ 3 -f- C y" *>&<- 
to denote any one Chord of the foregoing Order, and A y 

% -at -f r t • : * . -4 ' * — 

/ . v 
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__ B y ” Z +C_y” , &c. the next to it ; then the Chord 
next following thefe will be Ay’’’*"' — By 1 -f- Cy ! 

&c. —Aj y"~' +B /" 3 — C y"~ s , &c. = Ay" + ' 

B 1 Cl D1 

( y »— > _|_ ^ l y -f- ^ ^.y^ - >, & c - From which 

(by the Method of Increments foregoing) A will come out 
= i, B — n, C — n x D — nx X — > E — 

n x n ~* x — - X ’^ 2 - , &c. and confequently A y " — By 

3 3 4 

+ Cy’~\ &c. = y” 


ny 


n — 2 


n — X , n — 4 » — 

•»x — -y — »<t 


v — 6 


— 6 w» — 7 v" — 8 


X - — - y ” a -\-nx~ — -X- — - X - — - y , &c. wherein 

£ y 2 3 4 

if n be taken equal to the given Number m, it will become 

y m — my ' ~ + '«X y 4> equal BR; but 

if n be equal 2 m, then it will be y" — ny n 
y”~* y &c. equal BH; where the Series are to be con- 
tinued till the Exponents become negative. Hence, be- 
caufe Bf is equal 2 x, and the Arc AH^mx A f it fol- 
lows, that the Chord HB will be = 2x ,m — r nxTx' n ~ l 
, m x- ~_3 x 2x1 4 , Cs fc. and therefore, X (= CE ) 

the required Co-fine being equal 1 FI B, we have X = — ” 


— X 2 X 1 -f 4 X X 2 X I T — ~ x 

2 2 2 -, *■ 

p / ** — ^ m m — t m — fi m — 7 — , 

X- -X 2* 1 -h “ X X — - — x— J— X2X' 

fhewing the Relation of the Co-fines ; from whence 

U 


! — 4 


a 

. m — 8 
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U ( = ^'i — X 1 ') comes out i — xxl, in~2x\ 

Pi — 2 1 m 3 pf’ 1 fff — A 1 m 5 

— X 2x1 H — X -7— X 2x1 — 

X x ZLzJl X2*r 7 , &c. Furthermore, becaufe 

2 3 2 


»* I 

m — 4 
1 


is equal CE, = 


n n — 2 1 v . v — 5 n — 4. 
y — ny +»X y » CTr. 


A E will 


be equal to 


—y * +"y 


y ^ 3 v 91 4 C 

- * X 7 , ^ r. 


+ 1 ; and there- 


fore A E x A B equal to — y n -4 -ny ” 1 — « x y 4 

t£c. -t- 2 = Z, where, if inftead of yy, its Equal — z +- 4 

ft 

(AB 1 Ar 1 ; be fubflituted, it will become Z = =* z 2 *= 


*—4 


» a 


2 ±»X — z 2 > equal =± z " 3= 2wz 


: 2 OT 


, 2 W — 1 wi — 2 . w 

X X Z 4=2ff7X 


2 r* — 4 .. 2 n — Z m — 1 . ^ 

— j- 3 - x — j- 1 - x z i =t 2 m 


2 ; 2m — 6 x jj 2 . — I xz" 4 , &c. continued to 
2 3 4 

as many Terms as there are Units in m. ^ E. I. 


Otherwife, 

Let the Lines rp, R E, be confidered in a flowing State, 
and [m n) as equal to x ; then we fhall have v/ 1 — * * 

(*>r) : 1 (Cr) :: x : -=Z- equal r n ; and this be- 

\ r / ' 7 v' 1 — x[x 

ing the Fluxion of the Arc A r, that of A R ( equal m x 
A r ) will be — mx ; which, for the very fame Reafon 

• 4/1 — — X X 
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that - * — is the Fluxion of the A r, mufl; be equal to 

1/ I X X 

* ; Whence, equally multiplying the two Deno- 

✓ 1 — x 1 

• • 

minators by we get ; where, 

taking the Fluent on each Side, there comes out, either, 
Log.X-f- s/ 'X 1 — 1 -mx Log. x -+- >/ xx— 1, or, Log. 
X — / XX — 1 = m Log. x — v/ xx — 1 ; wherefore, 
X + y/ X 1 — 1 an( j x-t-v/xx — 1 ^ , as alio , X — . 

y/ X 1 — T and x — y/ xx — n*» the Numbers corre- 
fponding to thofe Logarithms muft be equal : Hence, 

by adding together the two Equations, we have 2 X = 

x + v/xx — i 1 " + x s/ xx— 1^ ”, and by taking 
their Difference, 2 s/ X 1 — 1 = x-\-y/xx — ll* 

x — y/xx — t 1 ”; from whence, by expanding the latter 
Part of each of the Equations into Series, and dividing the 

whole by 2, there will come out X=x” + m X — x ” * 

2 

X xx— i+mx^^-x— X — x ” 1- 4 X Xx — il* , 
_ 3 

&c. and v^X * — \ — y/xx — 1 in, m x ” -1 m x 
X x " ~ 3 x x x — 1 , &c. the former of which being 

. i- 3 ■ ■ '■ . , 

reduced into limple Terms, givesX = \ 

-f- — X -~ 3 X 2 x 1 + j £?c. the very fame as above 

2 2 , . ' ■ 

found. And the latter, by multiplying by y / — r,to 
' » O. 0 j G g take 


Digitized by Google 


( ITO ) 

take away the imaginary Quantities, and fubftituting U and 
u inftead of their Equals v/i-X‘> y/ i — xx , becomes 


U —u tn } m x i — « «' 


-f -mx?-—! x — ^ x— u = 


X i — uu' 2 


m X Z=± x S=J x =2 x — 4 

3 4 S 


I — k«I 2 XK + , £s?f. which, in like manner, being redu- 
ced into fimple Terms, will be U =. mu m x ” 1 * 

ai + mx— .. 

2 -3 4 S 


' X ” . . - X — m x 


*3 


— I m x — a 

X 9 X 


45 


C O R O L. I. 

B ECAUSE the laft Equation, as appears from the 
Procefs, will hold as well when tn is a Fradtion as 
when a whole Number } let m, or the Multiple Arch A R 
(=»xAr) be fuppofed indefinitely fmall ; then will mu 

“ I . . . IB —— I m 1 a 

' Q X u 5, &c. the 


— *nx 


. - v *3 


XS’ + fflX 


. 2 3 4-5 

Sine of that Arch, or the Arch it felf (which in this Cafe 
may be confidered as equal to it) become mu -u n “' 4 - 

2 -3 


5 \MM ’ 

2 -3 4S 


a 9 3 X 4 7.6.7. ’ and tIiere fore the Arch A r 

/ A R \ \ • i 

\--Z~) whofeSine is », will, it is manifeft, be =u + 

— 4- w* ilLLJ ■>* , 3 3-5-5-7 7 a 9 Af , 

a j r a 3-4 S * 3-4 5 *> 7 ' 2 34 . 5 . 6 . 7 . 8.9 > 


COROL. 
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C O R O L. a 


I F A r be fuppofed indefinitely fmall, and m indefinitely 
great, fo that the Multiple Arch mxAr (=A) may 
be a given Quantity ; then fince u may be confidered as 

equal to A r, mu will be equal to A, and 


Xu J, the Sine of A, equal to m u m ' u ' _p. 


or A — 


A 1 

z -3 


A* 


Z 3-4J (KCmle J > 9, 

2 S> & c ' Factors w*— I, m 1 &c. may here be 

rejeded as indefinitely fmall in comparifon of m\ 


. 2 3 ■ a-3 4 S 

, Gfr. bccaufe i. 


SCHOLIUM. 


TJ ECAUSE x -f- \/ .*•* — i 1 * -+- * — y/V* i 1 

is found above to be univerfally = Tx\ m m x 

+mx- T ±xzx' — mx x x 

m — 6 

2*\ , &c. it is evident, by Infpedtion, that 

x + y/ xx-\- 1 1 -+- * — v/~vx -f- 1 l '" will be = 

aTI "+«x?7r' l +«X xI7l m ~\ &c. and 


,r+y'“ + HVi.4- ■/T +rr l‘.=j" + 

my n ~ 2 r* + mx^ 1 y r 4, ( by f ubftituting 

V in the room of x, and r r in that of Unity) let r and 

r : 

y be what thy will; Therefore, ify" + + 

m 
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jr — 4 r* -\-m x 

X "~ 8 r 8 , GV. be fuppofed equal to fome 




5 " * 6 r 6 4 - »; x 


^*=7 


given Quantity c, there will be given JL \ rr\” 

f*—’ ■ -i w 

-I- ^ 21 _f_ r r| > alio = c ; and therefore 

J T + S'Zf + rX’-tr'’ + 1 /f + rrV ' 

~cc\ wherefore, the double Redangle of J _ | W /C 3 y | rrj”* 

Into 2 s/ ~ -+-"rr| being— 2 r z ", the Square of 

will be = 


2 _ , / JJ 

* +v/ T 


*— ■ ■ I m 



cc -f. 4r *" , and confequently 2 _ _j_ r rj * 

— 2 -p rr J* = v/ cc -f- 4 r * ” » which Equa- 
tion added to the firft gives, 2 x 2 |_ v / 22 ._j_ rr | w = 

/ 

f +\/ ff + 4 r > and fubtraded therefrom, , z x 


y — v/ — — |- r r =c — v/ ff -l-4 r i whence we 


— 1 
'li J. r 2 V K and 


have 


+ ^f + -=-f + v/f + 


-i — + = - 2 _ v /H. + r 2m 

z v 4 * y 4 t .1 


z m I m 


and there- 


c c , Sec i „2 * m 4 .‘i‘V 2 ■ i » 

+ 7 - ^T + r 


Which 
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Which may be ufeful and’ferve as a Theorem for the So- 
lution of certain Kind of adfe&ed Equations, comprehended 

in this Form, viz. y m -f- my m ~ 2 r* m x y m ~ + 

r+, Gfc. =c : For an Inftance hereof, let the cubic Equa- 
tion x 3 - b x = b be propofed ; then, by comparing this 

with y m — m y m ~ 2 r*, &c. we have m — 3, y = x, mr 1 

=b, or rr = c~b, and confequently x = ^ -f- ij| x 


b /Th T' 

T- y T-*-'.T 


PROPOSITION n. 

Jf on the Diameter A B, from any Point C, in the Circle 
A C B, whofe Centre is O, the Perpendicular C k be let 
fall, and the Arc AC be divided into any "Number, m y 
of equal Parts, as ha, a m, &c. and if the whole Pe- 
riphery be alfo divided into the fame Number of equal Parts , 
beginning at the Point a, as a b, be, c d, &c. and from 
any Point P, in the Diameter A B, or A B produced. 
Lines be drawn to the Points a, b, c, &c. I fay, Pa 1 x 
P b* x Pc 1 x P d*, &c. the continual Produft of the 
Squares of all thofe Lines will be equal to A O 1 ” 
AO"" 1 X 2O* xOP" + PO l *. 

P UT A O = to 1, P O = to x, A P * = to 1 c/>xU.v, 
O k = to b, 2 m — to n, and the Square of any one 
of the Chords A a, A b, Ac, Ad, &c. equal to z : Then; 
fince any one of the conefponding Arcs A a, A b, Abe , &c. 
reckoned forward a certain Number of Times, brings us to the 
lame Point C, or, is equal to A C, or AC plus a certain Num- 

G g ber 


Digitized by Google 


( H4 ) 

ber of Times the whole Periphery, it appears from the laft 



Proportion that =* 2 " » z n ~ l =± « x 2 m ~ 1 p»x~ 

X ■ —i 2 m ~ 3 , &c. continued to m Terms, is = A C *, or 
becaufe AC* is = 2 -J- 2 £ (ABxA£)it will be 2 m 
_ 4 .«x^ 2 m - 2 — 

2 + 26 = o, let z Hand for the Square of which of thole 
Chords you will : Wherefore, the Roots of this Equa- 

tion being the Squares of the Chords A a, A b, Ac, &c. 
they mull be all politive, their Sum = n , the Sum of their 

Produdls n x of their Solids n x x by 

common Algebra. Now, if se be made perpendicular to 
A B, we lhall have AP* 4 - Af’aAPx 2Ar=Pf’ = 

AP* -}-Af‘=t APx = AP'q.-^ X A~f 1 , which 

in 
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in Species, is Pe* = v+x x~A~e^ : And, for the very fame 
Reafons, PS* = v + * x AS*, Pc* = v ■+■ x yj&c *, &c. 

therefore the continual Produdl of v-\-x xAa* into 
v + xxAb* into v + *xAf>, (Sc. is equal to P<j J x 
P ^’xPf 1 ! &c. But in the former of thefe Products, it 
is evident, that when the feveral Fadtors are adtually drawn 
into one another, the Co-efficient of the firft Term or high- 
eft Power of v, will be i } of the next inferior Power, the 
Sum of all the abovefaid Roots A a*, AS*, (Sc. into x, of 
the next following, the Sum of all their Produdts into x\ 
(Sc. and, therefore, the Sum of thofe Roots being already 

found = n, their Produdts = n x"-—-, (Sc. we have v * -p. 
nxv m ~ l 4 -»x^ x*v m ~ 2 +nx”-=- ix'-flxiv'”-} 

-f- « x x x x*v m ~* + 2 4- ibxx m = 

P a* x Pb* X Pc*, (Sc. Or, by fubftituting for v, its Equal 
I c/3 xl* it will be + nxx l w*T ! -f. 

x* X iwxl 4 . . . . -p- 2 -f- 2 S xx m — Pa* x PS* x 
Pc*, (Sc. (becaufe 2 m =.n): This in Ample Terms is 


i 

* 

* 

* 


— n x -f n x — x * — n x — ' X x J (Sc. 

Z 2 3 * 

-4- n * — n x ~ xx* + n x xfzJ x J, (Sc. 

I 1 2 

* + "X^-xx* - n X ^X^X*, &C. 

* * + « x !=* x !zlx», (Sc. | 


= P a*x 

PS*, (Sc. 


(Sc. 


-+- 2 +b XX * 


Which 
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Which contra&ed, by adding together the homologous Terms, 
becomes i * * *, &c. Hence it appears, that the Co- 
efficients «do every where deflroy one another, except in the 
firft, laft, and the middlemoft of the faid Terms j and 
that the middle Term would likewile vaniffi, if inftead of 
2 -f- 2 b x x ", the correfponding Term of the above Series 
7 co x I *-|-nxx i c/3 *1 2 , or that where the Expo- 

nent of x is m, was to be added j wherefore this 

" Term being n x > ”~ - t x f . . . . into * " ( = 2 x ") as 
is eafy to perceive from the Law of Continuation, we have 
1 + 2 bx m + x 2 " = Pa* xP3*xPc*, &c. or, AO 2 " 
-f 2 0*xA0"-' xPO"+ PO 2 " = P* 1 x P4 1 , &c. 
And, when the Point k is taken on the other Side of O, 

Ok becoming Ok, A O 2 " — 2 O k x A O m ~ 1 x P O" 

-J- PO 2 " will be equal to Pa J xPi 2 xPf J , &c. 

E. <D. 

C O R O L. I. 

I F C be taken at B ; then will Oi = AO, and P a * 
xP^xPr*, (Sc. = A 0 2 "-f- 2 A 0 " xPO" 4 . 
P O 2 " j where, by taking the Square Root on each Side, 
we have P a x P £ x Pf, (Sc. =AO* + PO", 

C O R O L. n. 

B U T if C comes into A ; then A being = o, and O k 
= A O, AO 1 " — 20ixA0 m ~~‘ x P O 2 *= Pa 2 x 
P b 2 , (Sc. will therefore become AO 2 "— , 2 AO m x 

PO» 
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PO "'-t-PO** -Pa* x Pi l xPf*, &c. And Va x 
P b, (Sc. = AO"»PO", 

COROL. nr. 

H ENCE it is manifeft, that if any Circle ABCD, 
&c. be divided into as many equal Parts as there 
are Units in 2 m ( m being any whole Number what- 



foever) and if in the Radius OA, produced thro’ A, 
any one of the Points of Divifion, a Point as P be affir- 
med any where, either within or without the Circle, 

PA x PCxPExPG, &c. will be = AO"«PO"» 

PBxPDxPFxPH, &c. = AO"+PO", and PA 

xPBxPCxPDxPE, &c. sAO'^PO*". 

H h PROP. 


% 
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Of the Redu&ion of Compound F rations into 
more fimple ones. 

PROPOSITION. 


To divide a Compound Fraflion, as —— — ; — r, 

into as many fmple ones as there are Units in p j fuppojing 
m to be any whole pojttive Number, not exceeding p, and 
the Denominator reducible into binomial Faftors. 


L 


ET r — x be any one of the given Fadtors into 
which the Denominator may be reduced, and let 
A-t-B r + + n +t*h~* 


f+g*+ i >*‘+ i ** + 


be alTumed equal to 


. m — i 


■, then, by Reduction, we 

"■ -\-xt 


J’rA+rBx+rCx*+rDAr 1 +rE** .... + r/x>“ 2 + • 

• Ax — B x* — C x 1 — D x 4 . . . —txt — 1 


have 


'/+'£*+ ,bx*+six*+tkx* +lVxf— ' 


» = o. 


I — *V X 


m — l 


becaufe r—xf + gx + bx\ &c. = a + b x + c x\&c. 
Hence, by comparing the homologous Terras, we get 
* n - _ g ‘ C - — ii — — , & c . 


h S 


-, &c. 4 - 


i — I 


laftly t, or jP ' *p—z f p— 3’ ~ r r P — 1 

wherefore fs + grs 4- bsr* + is r* -+- k sr* .... 4- 

* P r t>r — 1 and ^ /r+gr , +bri+ Z^ r , .. ,. +Pr , ■ 

But, 
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But, becaufe r — x xf+gx-t- /A x % -+- i x* . . . . -f- Px> _ 1 
is = a -f- bx -\-cx* -j- dx 3 1 -{-x^* we 

f rf+rgx+rbS + rix'+rkx* r?xP ~ 1 * 1 

have < • —f x — g x '—h x t — i x * — v*P ?■ =°- 

i—a — bx— cx*—Jx'—tx* Q*^ _ 1 — xP J 

and therefore j — — — -f-_ , b= — — - 4 --— , / - 

tV + ^ + ^ + 4- ’" d P=^ + 7F=r + 7^ 

G ?c. Whence fr=a,gr*=a-\-br, b r J = a -\-br -her*, 
ir+ = a-i-tr-i-crz -} - dr 1 , (3c. and .*. P rP =a b r 

-+• cr* + dri -f -er* .... Qs f ~'i wherefore (by adding 
all thefe Equations together) there will be fr -f- g r 2 Jf. h r* 

. . . . -J- P r* = pa -j- p — 1 xir+ p — 2 xrr* + p — 3 ; 
xdr + Qz f - 1 ; which laft Value being fubftituted in 

that of s, gives s r= == — ” — : — — 

pa+f— lXbr+p— lXcr x +p— 3X <^ 5 ....Qj;P~ 

for the Numerator of one of the required Ample Frac- 
tions ; whereof the Denominator is r — x j from whence, . 
by Infpedtion, the Numerators arifwering to the other 
given Fadtors or Denominators are eafily obtained : Fo^ , 

if R — x, S — x, T — x , (3c. be the faid Fadtors » 

into which a ■+■ b x -+- ex' -f dxi Q^x^ - 1 

-+- x f is reducible, or R— x a S— x x T — x,&c. be =a~\-bx 4- 

cx ,(3c. And X 4Rq.^T7xrR 1 +7 ::: jX‘< , R 1 . .. Q.R^~, 

be put = A, — _ — — - — - — 7 - B, : 

pa^ p—\ Xb 2 X t S 1 *! - / - ‘iX ^ S 5 . . . . QS P 

Ok. 
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(Sc. (Sc. it is evident, that w ;il 

J-f -ex* + </*’ xf 


V x w ~! 


equal to + -Sf + T~> <*• *>E. 1 . 


BuS* . CuT* 


EXAMPLE I. 


T ET the Fradlion bepropofed. 

Then will a = 2, b- — 3, c= i, d~ o, e = o, (Sc. 
v= J,p=2, m= 2, R=i, S = 2 , T=o, (Sc. A— 1, B = 
— f , and therefore 


* _ _i_ 1 

2—}x+X l 1 — X ' Z—x ' 


example II. 


I F the given Fraction be. -**" ' . then, bycom- 

U±2$x” -{-X * * 

paring a + b x + c x' 4. dx' QjfP-' 4. K t w i t h 

lzk 2 ^x n +* 2 \ we have a= 1, p-zn, the Coefficient 

of the middle Term = a zi, and all the reft except the laft 

= Oj wherefore A (_ » \ 

P"+.P — I Xlr+p — iXcr' Qj-P—'b 


u-'ill in this Cafe become = . 


Z»Xl =tir” 


■» B = . 


«»X ls±it* 


(Sc. 


A 
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A General Quadrature of Hyperbolical Curves. 


PROPOSITION 


There are two Curves AC, H D G, having the fame com- 
mon Abfciffa A B (x) whofe Ordinates B C and B D are 

,w + r — I _ — r — I , 

To find the Area of 


tdx’’ + x : 


and 


+ * ! 


each ■, fuppofng r and n to be any whole pofitive Numbers, 


and the Denominator i =c dx‘ 
two binomial Fadlors. 


x 2 " not reducible into 


L ET n be taken in r as often as poflible, and the Remain- 
der be denoted by m ■, and let A x r — * -f- B 



Cx r ~K. .kx 
be afliimed = - 


2B +" + /**+" + sx m -+- i 

' X 2 *— Jx m +t 

i ~c being any given Quantity : 


x 2 ®— dx " 4" I 


Ii 


Then 
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Then, by reducing this Equation in- 
to one Denomination, we fliall have 





therefore A = f, B = </A, C=</B — A, D = J C — B, 
E=^D — C t — ds—l, v= — s. 

But, now in order to conftrutt thefe fevcral Co-efficients ; 
with the Radius i, and Centre O, Fig. 2. let the Circle AB be 
defcribed j take O k = f d, C k perpendicular to A B, meeting 
the Circle in C, and the Arch CBU to the Arch AC, as 
r — m to n > and let the fame be divided into as many equal 


Parts as there are Units in r —-~- , at the Points R, S, T, &c. 


and let c be now fuppofed = Ck\ then will Ck, Rr, Ofc. the 
Perpendiculars falling from thofe Points on the Diameter A B, 
be equal to the faid required Co-efficients A, B, C, &c. re- 
fpettively : For, fince the Arcs AC, C R, are equal, 

by a well known Property of the Circle R r (B) is = — A °J . 


xCk ( = </A), -Si(C)=*-°±£*l — C*(= JB_ A), 
— Tt (D) = — Rr (= dC — B) fife. Hence, 


we 
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we have — ,,,+f - =Ch» f - , + Rrxx'-** _ 

x 1 "— v**4i 

Six/ -5 ’ — Ttx* m + Vv X x ” +m —T‘X—* m 

I— d X n -|- X * n 

and therefore ■ v — — - — =— intoCfx* r— * + Rr x 


t— Jx” ~\-x 


ft 2 C X 


■ r - 2 ' — Ssxx r -}”, &c. XU*X-'+"-T/X— 


,—Jx» + x 2 " 


whole Fluent, or - c ' j - x *. r — 1 , R r y x ' — ll r 

r — »Xt r — 2 »X( r — 3«Xf 

~ T g ;^ - W - , plus the Fluent of 1 x 

— x r — ~^~ Tfy * - , will give the Area in the firft Cafe. 

i — J x n X 2 ” 

And this Method of Solution, it is manifeft, will hold 
equally, when the fecond Term of the Divifor is pofitive, 

or the given Denominator i -\-dx n -f x 2 *, iff, inftead of 
being taken towards A, be taken at an equal Diftance on 
the contrary Side, the Center from O towards B. But 

now to find the Fluent of — — , from which 

I — Jx" + X 1 * 

that above-named will be obtained, take A a to AC, as 
l to n, and OP =x;,and beginning at the Point a , let 
the whole Periphery be divided into as many equal Parts, 
ab, be , c d, Gfc. as there Units in n j letting fall the Per- 
pendicular a m, and putting b — \d (= Of) and Om =f-, 

then, becaufe P<7*xP£ 1 xPc l i$= i — 2 b x n x 1 ’ , 
(as is proved in the Propofition preceding the lail) and be- 
caufe i — 2 f x -+-xx ( = Ofl J — 20mx0P + 0P*) is 
P a *, we (hall, by feigning i — if * + x* equal to No- 
thing, 
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thing, get /-*- \/ Jj — i —x, and /— S ff—i—x for 
two of the (2 ») imaginarybinomial Faflors into which the faid 

Quantity 1—2 b x" -f x or its Equal f+y/jf — "*— • * 
X f — 1 — * x Gta- is reducible : Wherefore, 
if / + v///— x be put = />, and /— n///— T- jr r 

then will — — ■ — , and — - » £7 tha 

2*Xl —bp H Xp — x lnXi—il n Xl — * 

la ft Propofition,. be two of the fimple Fractions into which 
— — — — — may be divided ; thefe being added toge- 

t — tb *" + * 1 " 

ther ( to take away the imaginary Quantities ) give 

t,m „ 4. , » t _ , x 7 *+ 7 " -*X >*»•+'+»■>•+ ' 

2 a into i—bXp " -f- f * + bbp* j n into p — x X ? — x 

which, becaufe pq —f+ *S JJ — 1 *f — 1 is— i,. 
will be 

p ”-' + q ”-'_xXp M +r-bX<,’+'- m +p*+'-'*+b x , g,. 

2 h into t + ii — AX/ n + ?” into 1 — 2 /jr-fjr* 

But , fince .L +f— is the Co-fine of the Multiple Arch 

AC ( = n x A a ) and t — ii — that of mxAa, (Sc. as is- 

manifeft from Page 109. if A H be taken = m x A a, and 
A /= m—i x A a, and am be put = g, H b the Sine of 
AH=G, and O b = F ; our Expreflion will be thus exhibited , 

Cof. of A f — .r F — b V Cof. of Cf-\- b x-X Cof. C H . g u ^ as A H 
xt<X • — zfx+xx 

A <1 is = A^ , AC — AH=CH, (Sc. we have by the: 
Elements of Trigonometry the Co-fine of A fr. - F f -|-G^ 
Cof. of CH - b F cG, and the Cof. of C f = bgG 4 b fp 
-4f/G— cgF } and therefore our Expreffion will fiand thus, 

K k F J, 
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F fjf G v — b'fV — b \?r, — b efC, -f be g F + / J r — K f ^({'y *• 
ne c X 1 — if x \x x * 

where, ly fubftituting I — rr inflcad of b b, it is, at length, 

reduced to f / F + A * F +rg c;-^c+.rx b u-cf. And this drawn 
c«Xi — if x + ■* * 

into x, is one of the « rational Fradtions, (whofe Denomi- 
nators are f«xP<i‘, into which 

the Quantity v ''~' v , whofe Fluent we are feeking, 

x-Jx n +xi* 

may be divided. Now, therefore, the Fluent of x _^ x ^ x 


being ( P a O ) or, -y into the Arch meafuring the 


An<de VaO, and that of 


~zfx+XX » 

J 1 r • -• 


, equal to the fame 


Arch into , plus (A O : P a) or the Hyperbolical Lo- 


garithm of ^-i the Fluent of 


cfv + + f .? G — b t o x x + bo — ct'xxx > that of thofe 

chX I lfx-\-xx 

Fradlions whofe Denominator is cn x P a') will 


be = — X (O a : P a) + ^7 -4- - 7 " X ( P a O ), Or, 


_ HA X O A 
»Xti 


— — into (O a : P a), 


oaxoa 

»XCi 



(PaO): From whence the Fluents of the reft of the 
Fradtions, which make up the required Value, whofe 
Denominators are ncxYb', ncxYd*, Gfc. are deter- 
mined , by Infpedtion , fince the Manner of Conftruc- 
tion mull necelfarily be the fame in all of them. Next, 

from hence to find the Fluent of — ~~~r~7~T~TT : ^orthe 

very fame Reafon that A H was taken = »xAd in find- 
ing 
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ing the Fluent of * — , let AH be (now) ta- 

l — zbx" -f- * ln 


ken = w + bxAdH) and let H b be perpendicular to A B j, 

,hen ¥$& -~4- in, ° + V- 

into ( P a O ) fife. fife. &c. will confequently be the Va- 
lue fought j but AH — AC being = AH, HAxO/1-. 


Cix — Ob will be AOxH£, and — OAxO£-|-C£ 
X H^ = OAxAO, and therefore the faid Value equal 
to ^Cl (0«:Po) + ( :P*0) fife. O'. O'. 


Now, from the two foregoing Fluent* that of J- x 
— Tax — -r w jg reac jily determined •* and, if T 
be taken = mxAa, or AC Q„j= X AC, and Qj» per- 
pendicular to AB, will come out = (0*:P*) + 

- 77 - (PaO) fife. fife. fife. that is, if, for the fame Reafon 

that T A Q^is made = m x A a , T A QJbe made mxAb f 
TAQ = »XA c, T A m x A d, or Q^ = 

» /•/ 0 » // o 

fife = mx a b, and the Perpendiculars Q«, Q«, fife, 
be let fall on the Diameter AB, it will be 
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t 

• XU 


into 


' ‘ Qjt ( Otf:Pa)-f-0«( PaO)’' 
{Ob •• P*) — 0» ( P^O) 
— Qj? ( 0 c : P f ) + O h ( PcO) 

1 Qji ( O d : Vd) + O "n (— P<f O ) f 


hjj I Hi /*// 

— Q J? (Of : Pf) — On ( — P e O ) 
&c. (Sc. j 


This therefore added to — — -4- 

r — »,!<<■ 1 


R , V T r — ; t 

r — 2«X‘ 


(Sc. 


continued ’till the Denominators become nothing or nega- 
tive, (as above found) will be the required Area in the firft 
Cale. But for the Area in the other, where the Ordinate is 


I =^dx n + x z 

r r-f-ir + « 

Will 


— , let x be put equal to -E, or y = -E 


1 d X '* -J- X * 


be : 


7 


and x = ■ 


S3 


then 

and 


therefore — — , or the Fluxion of the propofed Area 

+ x 2 » r r 

A B D H E A, equal to - — - — — — , and confequently 

■ ^Jj n + y tn 

that of B F G D equal to — 1— Li — 1_ ; which Exrref- 

* +y* a 

fion being the very fame in Form with the Fluxion of 
the Area A B C j it is manifeft, that if P, in the fore- 
going Confirmation, inflead of being taken at the Diflance 


x from the Centre, be put at the Diflance (= y) 

therefrom, as at P, and the Signs of all the Indices of x 
be changed, the ExprefTion (hewing the faid Area ABC, 
w ill give that of B F G D, or the Value required in this 

L 1 Cafe 
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Cafe : Which therefore is R r** s > X ** * 

r — « ' r 2 * r—i„ * 

&c. into plus into Qj» ( O a : Pa ) -f. 

O n (PflO) isc. &c. But O P ( x ) being to O a ( i ), 
as Oa to OP (JL ), tllc Triangles OPa, and O a P, 


will be fimilar, and therefore the Angle PaO = OPa, and 
Oa : Pa, OP : Pa, &c. wherefore the faid Area will be 
^ + Ttrir — ,-3" » int0 “cr- 

r Qjj (OP : Pa) + Ofl ( 0Pa)1 
Qjt (OP : P 4 ) — O * ( 0P6) 
-Qi (OP : Pr ) + On ( OPc) 


P lus —s int0 i 


Qi? (OP : Pd) + On ( — O Pd) 
— Qj/ (OP : P e ) O « (—O P e ) 

^ £. Z 


H 


c O R O L. I. 

E N C E the Area of a Curve, whofe Abfcifla is *, 

a " d ° rdi " ate + may be eafily 

obtained : For, let the Radius of the Circle A B, now be 
denoted by g, the reft as before } then, fincc every Term in 
the required Area muft confift of the fame Number (r— ») of 
Dimen fions, by fubftituting the fcveral Powers of g for thofe 
of AO, or Unity in our former Area, it will become 


Ci 
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k r — * • C* . RrVf'.r — * SjVjr**** -1 * (.J,- , t T * 

— ,nt0 — + -7I-77 — — ® c ' +fxcrt 

into Q jj (0 a : P a) -4- O n (P a O) -}■ &c. &c. for the 
Area in this Cafe. 


C O R O L. II. 

TT E N C E, a!fo, may the Area of a Carve, whole Ab- 

fc fin is z, and Ordinate : : where 

'/•' + z 1 r 

p denotes any Number at plcafure, and r and n as above, be 

±_ i 

eafily derived : For, putting z " = x, a ” =g, and d—f x 

p ^ n ^ 

a ” , or J = d X g f , we have z z f ~ l = 


n • g ;+»/-'g 

/* and a *> *.?-'/** + = Z/> 


" t 

** + r — I . 

r .r 

£ — £ dx +x 

wherefore, if in the foregoing Areaj anfwering to the Ab- 

y n -pr — I 

fcifla x, and Ordinate — — — — ; — — > thefe Values 

- 2 n . j n — I ft 1 2 K 

£ =t ig X +x 

of d , g, x, be refpe&ivcly fubftituted, and the whole be 
multiplied by — , it will become the Area in the prcfent 


XP — p 

Cafe, which therefore will be n JL into -f- 

/ X 1- a r—a 

R r^nt z t , — Ss'Xa't’z cs . 

— ___ — _j continued till the 

De nominators become nothing or negative. 
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Qjt (OA : Pa) + On ( PaO)l 
Q^n (OA : Pb) — On ( P^O) 
-Qj ( OA : Pc) + On ( PcO) 
Qji (OA : Pd) -f On (— P<fO) 
— Qjn (OA : Pe) — On (-PeO) 
&c. 


Where, according to the foregoing Conftrudlion, AO ihould 

J- 1 i JL 

= a ” , Ok= i/x a " , and PO = z " ; but fince each 

Term in the Area, when a&ually divided by the common 
Divifor Ck, will be affetfted both in its Numerator and De- 
nominator by one Angle Dimenfion or Power of Lines exhi- 
bited in the Circle , whofe Ratios do not at all depend on 
the Magnitude of that Circle, it matters not, whether 
AO, Ok , and PO be taken exadtly equal to thole 
Quantities, or to others in the fame Proportion, as 

P_ L 

a. If, and-fj " xa, or I , i^, and -ij " , provided 

the reft of the Conftru&ion be retained. The like will 
hold in the Area of the Curve whofe Abfciffa is z t 

r 

and Ordinate g> ~ at ~' , which by proceeding 

in the fame Manner, from the fecond Cafe, will come out 

r 

mz~ T P+P . C t , RrXi^a - P _l — S / X «= 2 * f«? r 

py.Cka 1 ^ %>t r * ' r “ 3 * 

'till the Denominator becomes nothing or negative. 


M m 


+ 
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a * 

PX^-* 


in 


( 13 + ) 

Q ji (OP : Pa) -f On ( a P O ) - 
(OP : Pb ) — On ( bPO) 
-Q^n (OP: Pf) + On( cPO) 
Qjj ( O P : P d ) -+- O n {—dPO ) 
— Qjr (OP : P?) — On ( — rPO) 


L (Sc. 


(Sc. j 


Hence, to find the Area A B C A of a Curve , whofe 

r 

Abfcifla is z, and Ordinate z - — ~t. g , or the A- 

a 2 >~fJ- l Kt+z 2 > 

rea BFGD of that whofe Abfcifla is z (= A B) and Ordinate 

r 

1 (fee the foregoing Fig.), we have thisCon- 

ftrudtion. From the Centre O of the Circle ACB, whofe Ra- 
dius is = 1, take the Point k in the Diameter AB, towards A 

or B, according as the Sign of / a f ~' z f is — or -f , fo that 
Ok may= and draw the Perpendicular Ck to the Point 
k in that Diameter, meeting the Circle in C j make A a to 
A C, as 1 to w, and A C Qjto A C, as r to n , and C R, 
R S, ST, (Sc. each equal to AC; and, beginning at the 
Point a, let the whole Circle be divided into as many equal 
Parts as there are Units in n, as a b, be , cd, (Sc. take 

OP = «-< * , and each of the Arches Q^Q^, Q^Q^, 

a I 

(Sc. = the Arch ab \ into the Remainder of r divided by 
and draw P a, O a, ¥ b, Ob, &c. and the Perpendiculars Rr, 


Sr, T /, (Sc. 

) 


Qj?, QJj> Qj>> (Sc. to the Diameter A B * 

then 
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then will the Areas be refpe&ively as above exhibited. 
And it mull be obferved, that this Solution holds in all 
Cafes where f is lefs than 2 a, and r and n whole pofitivc 
Numbers. 

Note. That (OP : P«) is put to denote the hyper- 
bolical Logarithm of and (flPO) the Meafure of 

the Angle aPO in Parts of Radius or Unity ; the like 
is to be underftood of any other. 
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SCHOLIUM. 


T H E above Solution being fomewhat intricate, others 
by infinite Series, where they will converge, may 
be thought preferable ; but as the greateft, if not the only. 
Difficulty in what has been here delivered, lies in finding 


the Fluent of - — — , 

,- 241 '+^“ 


x ”+”— 1 
l— 2 bx n +x * 


it may 


be proper ( before any thing is offered on this Head ) to 
add a different Method whereby the faid Fluent of 


— - — , may, in the Form it Hands above, be more 

I — 1 b x* x n ” 

eafily inveftigated. 


In order thereto, the firfl: Conftru&ion of the Points 
C, R, S, G fc. a, b, c, &c. &c. being premifed , let the 
Sines of the Arches AC, A a, Ab, Ac, &c. be called 
B, C, D, E, &c. and their Co-fines b, \c, \d, { e, &c. 
refpedtively : Then, becaufe i— ctc+xx is = Pa*, i — dx 
-\-xx = Y > b*, i— ex-\-xx — Pr*, Gfr. and Pa*xP^*X 


Pf'xPi’jG’f. = I — 2 b x” X 2 ”, it follows, thatthe 
Sum of the Logarithms of i — cx+xx, i — dx-\-xx, 

&c. muff; be equal to the Logarithm of i — ibx” +x 2 * , 


and therefore 


2 XX € X 


2 X X — d X 


■ t Gfr.the Sum of their 


Fluxions = 


xx—ex-^i x x—Jx i 

, ~ ix " » the Fluxion of that Lo- 
garithm. Hence, by taking each Side of the Equation from 
— , and dividing the whole by x, we have r .. 

* ' X XX fjr-J-I 

-t- 
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+' (sfr. = 

■ xx — ^ jr -f-l * 


2 »v.» *.r_ — . this Equation be- 


\-tbx n +> 


ing multiplied by x” , and the former by and the 
Produ&s added together, there will be b into : -h 


2 x — d 
I dx- 


&c. -f- x” 1 into 


2 — C X 

i — c*-j-** r 



i — ax^-xx 


> 


&c. 


( — * ?”**!!! ) = — I — . Now. to reduce 

' I— tbx n +x ln t 1— zbx H +x 2a 

*— i x . — | 2 —j X _c,t & c ‘ to lower Dimenfions; 

^ ~ #* 1 A' AT — dx + l 9 


/ ® '2 . yv 

Let Ax +B* 


-f- 6 * 


ix* _f- lx 4- i 


tx + ' 


x — c 


be affumed — p- X 


t ” 1 X z — cx 

I CX -{-XX 


* 


or 


It*” — x* 1 . then, by bringing the Equation into one 

XX— rjr-J- 1 

Denomination, and equating the like Terms, we have 

A = lc, B = cA— i, C = cB — A, D = c C — B, &c. 
and v — — j: But, thefe Equations, it is manifeft, (from 
a known Property of the Circle) likewife exprefs the Rela- 
tion of the Co-fines of the Arches A a, 2 A a, 3 A a, &c. 


therefore (A = f C) being the Co-fine of the fir ft of thole 

Arches, and B that of the fecond, the Values of C, £), E, 
&c. which entirely depend on thefe, muft confequently be 
equal to the Co-fines of the reft of thofe Arches refpec- 

tively ; and therefore t equal to the Co-fine of n x A a, 

and — v = that of n — 1 x A a. Wherefore, if A a. - ” 1 -f- 

Nn & 
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I 


( x 3 8 ) 


B x 


»— 3 


H- Cx 


4- 


£x* + /x-|-.H tlLr*. be 

1 1 # 1 * x — dx + i • * 


in like Manner, aflumed = — — X — — '- 2 . -— , and 

' 2 JT«— ^+i * 

aZ-' + B^ + C^, Gff.= L xf p' x r* 

2 * •* — * jt -J- 1 


(iff. (iff. it follows, for the very fame Reafon, that A, 


B, C, r, — r, will be the Co-fines of the Arches A b, 

2 A b, 3 A b, nxAb, and « — ixAb, and A, &, C, t\ 

— v, thofe of A f, 2 A f, 3 A f, n x A c, n — 1 x A c. Gff. 
Gff. refpedtively •, and we (hall, by adding together the 

£,id Equations, hav C --i-x* — 

Gff . = x A -{- A ■+■ A, Gff. +* ,_3 xB+B + 


8 + B,a + *^xC + C + e, (iff. Gff. -f- TZ ^±i- 


_i_ '*+■» But, A, A, A, Gff. being the Co-fines of the 

1 — dx-\?x X 

Arches A a, Ab, Ac, Gff. and therefore the Roots of an 
Equation, exprefiing the Relation of the Co-fine of an Arch, 
to that of another Arch n times as great, wherein the fecond 
Term is always wanting ( vide p. 106.) their Sum muft there- 
fore be equal to nothing, by common Algebra ; which is evi- 
dent even by Infpedtion, when n is an even Number j for, 
then every one of the Points a, b, c, Gff. above A B hav- 
ing another Point, of the fame Conftrudion, diametrically 
oppofite to it, the Sines, as well as the Co-fines, anfwerirg 
to thofe Points, muft be equal and contrary, and therefore 

deftroy 
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( *39 ) 

fleftroy each other. In like manner B, B, B, &c. being 
tEe^o^finea of 2 A d, 2 Ab, 2 Ac, &c. or the Roots of 
fuch another Equation, they muft alfo deftroy one another, 

&c. &c. Hence our Equation is reduced to — f x*~‘ x 
- &c.= J' . +Z- 4- "tjjL + 

l— rx+xx. ^ i—Jx+xx* l—tx + xx i — *x+xx 

But fince / isfound to be the Co-fine ofnxA a 
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( J 4° ) 

or AC, t that of ux Ab or ABC, / that of n x A c or ABCBC 

• - - -- f * $* _ 

Cfc. — v = that of n — ixA a, — v = that of n i xAb, 

&c. we have / = t —"i, &c. = O k = b , and v = B C 

— -- , v — — B D — CV. and therefore x - 

2 * z 


; - ,v __ , bx — B D — \h i 

1 -—cx+xx i — ex + xx* ’ I — txA-xx “• i — dx + xx 


r - n I 2 — c X 

£r c. or a: x • 


l — c 


2 — dx 

| ft X A 


l— ,x 


I — t x-^-xx* 


Jx-^-xx 
&C. 


if + zBC — zb x i 4 - 2 B D — 2 b x ■ . 

- , -cT-fxx 1 i-Sx+xx - ’ & c - whlch being 


fubftituted , inflead thereof in x * 1 x — — -r — CSc = 

' 1 — cx-^-xx » ’ 




— (as abovefound) and the whole divided bv 

1 —z bx* -\-x 1 " 1 

2 B , we fhall have f- — P— E 

> l—CX+XX ^ y-dx-j-XX ^ I — t X-\-X X 

+ & e • = V^tx” i '~ * * and ’ confe q uen t 1 y 

»B x "b M 1 _ C X m , D x m , T.x m 

l I" — , 


1 — 2 b x n + x tt 2 
F* m 


.M 

,1 — ex-^-xx 


-ex-f- xx 


b 


-—A-p-tfc. Let now -f B*"-3 -fCx w - + 

lx -f- s -f be aflumed = — — — ; then 

by Redudtion, &c. we fhall get A = C, B = c A, C= cB 
— A, D = c C— B, &c. &c. where it appears, from the a- 

fore-named Property of the Circle, that A, B, C, ^ 

/ 

— v, are the Sines of A a, iAa, 3 A*, . . . m x A a, ^HT 

Aa 
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w— 4 


A a refpe&ively. Hence, if Ax'" 2 + B x " 3 + Cjf 
- y . * . t x A" v i . Djt w 

'* + ' + 77=T3 TT be P ut = ,7^+7. 11 ,s ma - 


nifeft, that A, 13, fc . . . . t, — v will be the Sines of A b, 
2 A b, 3 A3 . . . . w x A £ and m — i x A3 refpedtively, &V. 
&c. Therefore, as it is evident from the above Reafons, that 


A ■+- A, and 13 6 , &c. and C C , fcV. ifc. 

muft all be equal to Nothing, we have ” Br 


x X Sine of «XArt — Sine of 


XA a 


1 — llx " ix a 

jcXSine of «XA£ — Sine ot m — i X A£ 


l — cx-\-xx ' I — tlx-\-xx 

fc? c. which, becaufe AH is = ot x A a ( by Conftru&ion ), 

,Br *+*- 1 H AX * — Sine (A H — A .. 

— , &C. 


will become 


I— lbx n + x 1 ’ 


I C X X X 


= H.*Xx+^XOi-Htxo» (j? A Wherefore, the Fluents 

I — cx~\-xx 


of 


I — c x-^-xx 


and 


I — c x 


being ( P <7 : O a ) 


O m 

a m 


(PdO) and —■ (PaO) refpedHvely, that of 
H[X**+« » x u * - h * x u «X_* , & c . &c. or its Equal 

bBX< cx-{- XX 

T » + « — i y , mu ft confequently be = (Pa : Oa ) 

I — lbx H - f* z * “ 

I ° h . rP^O', &c. &c. which is the very lame as was 

• ;/ b v ' 

before found. 

Having thus far eft'e&ed what was propofcd, it remains 
next to lay down a Method for finding the aforefaid Areas 
ABC, B F G D, in a more eafy Manner, by Approximation 

O o and 
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and infinite Series, when that can be done. In order to 
this, the foregoing Conftrudtion of the Points k, P, and C, 
being ftill retained, let CR, RS, ST, TU, &c. be each equal 
to A C, and R r, S s, T t, &c. perpendicular to AB. Then 


will Li 


—p + p 


fa i PX^* 

r + 4 « 


C * I 

into 7+7 + 


RrXz f » 


fa"* 


r+ 2 n 


-s ,xz 2f «- z > 

r + 3 » 




4 P.- 4 P 


+ 5 1 


, &c. ad infinitum , or 


r 

* f f into -£i__L. ^ z Zhl + Cfc. 

Xu* r — n 1 r — in r — 3 n 

be = A B C A, or the Area of the Curve whofe Abfcifia is 


n * 

~x 


2, and Ordinate 


P+HXP-' 


; and 


P- HP 


into 


, z P*faP— ' */’ + **> fSPxCi 

Cl 1 RrX = ^z» ^ I — S iz 2 Pa 2 P | — ^ 

r—n ‘ r— In r — Jn r — 4 * 


£fc. or 


— p— „ p 


f A. * 


. Ci 

■ r T « + 


RrXz _|_ — SiX* ~Pa l P 


r - (- 2 <* 




T/X~ 3 ^ * 3 ' > . = BFGD, or the Area of the Curve 

r + 4 « 


P--P-* 


whofe Abfcifia is 2, and Ordinate — 

a'P^fat—' 'zP + z 2 P . 

The Reafons whereof, from the former Part of the fore- 
going Solution, will appear manifeft. 


FINIS . 


no o:w 
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I 


errata. 


vv 2rjr*"f"* 

AGE s- 1 . 17. for yr read g r, p. 28. 1 . 14. r. == ZT~T. 1 . t8. 

2 »+iX< 


for a’n 1 r. x x v x , 1. laft, for i/m*, &c. r. . 


. , p. 31. 1. 5. for /A/ 


>y m % , (Ac. 

Rath, r. which is to Unity in thi Ratio, p. 32. I. 18. for /i«», r. /ia* as, p. 42. 

I. 24. for R/ r. ks, I. 23. for vr r. /r, p. 48. 1 . 23. for S C r. / C, p. 49. 

$ M 4 *4 4 44 

1. 16. for s or 6 r. 7 or 8, p. 31. I. 19. for 52 501. 51 32. 1. penult, for 32 51 

r. 51 52, p. 53. 1 . 20. for r. , p. 57. 1 . 24. for Specifck Gravity r. 

£ l 

Specf.ck Gravity in Air, p. 61 1 . 10. for T.—y, p. 67. 1 . 18. for of r. to, 

X JIT 

p. 76. I. 12. for of n 1. n, p. 85. 1. 10. for 1 — — r. —y, p. 93- 1 penult, for 

Allowances t. Allowance, p. 101. 1 . laft, for 2,3, (Ac. r. 1,2,3, (Ac. p. 103 

I. 2. forar=0 r. *=100, 1 . 3. for Cor. II. r. Cor. III. p. 104. 1 . 24. forjr**^" 1 
r. , 1 . penult, for d x K r. dz * , p. lay. 1 . 2. (ot dzn T. dz” , 1 . 15. 

for he r. an, and for are r. he, 1 . 1 8 for A H r. A R, p. 1* 1 3. 1 . 24. for 1 uo 1 v 


1. ivsxl —v, p. 121. 1. laft, for x 




Digitized by Google 


Lately Publijhed , 

i. A COURSE of LECTURES in Natural 

II Pbilofopby , by the late Richard Helsham, M. D. 
Profeflor of Pbyfuk and Natural Pbilofopby in the Univcrfity 
of Dublin. In Oftavo. Price Five Shillings. 

Publiflied by BRYAN ROBINSON, M.D. 

To which are added, by Way of Appendix , feveral Curious 
PROBLEMS, by the Editor. 

2 . Exercitatio Geometrica dc Defcriptione Linearum Curva- 
rum, 4to. 

Audore GULIELMO BRACKENRIDGE, 

Ecclefta Anglican Presbytero. 

Printed for J. 'Nourse, at the Lamb without Temple-Bar. 


Digitized by Google 


